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Abstract

Let {X; : t € Z} be a stationary Gaussian process taking values in a separable Hilbert
space H;, with long-range dependence defined in the spectral domain through a memory
operator A : Hy — H;. For square integrable, nonlinear operators G : H; — Hs, taking val-
ues in another separable Hilbert space Hy, we establish a non-central limit theorem for the
centered partial sums process of {G[X,]}n, whenever G[X,,] inherits the long-range depen-
dence behavior from its Gaussian input process. We identify an operator normalization that
accounts for both the underlying memory structure, characterized by the memory operator
A, and the nonlinear transformation G. The limiting Hilbert space valued process is, in gen-
eral, non Gaussian and can be expressed as multiple Wiener integrals involving only finitely
many Wiener chaos orders along fixed directions in Hy. The proof introduces a Hilbert-
space valued generalization of the reduction principle, identifying the dominant Hermite
components and showing that the remainder is negligible under our operator normalization.
We employ our results to prove non-central limit theorems for nonlinear transformations of
functional FARIMA processes, and sojourn functionals of temporally dependent spherical
Gaussian fields.

1 Introduction

Let {X; :t € Z} be a centered stationary Gaussian sequence with values in a separable Hilbert
space H; and G : H; — Hs a measurable map, with Hy another separable Hilbert space. Define
the partial-sum process

Lns]
Su(s) =T, Y (GIX/) ~EG[X)]),  s€l0,1], (1.1)
t=1

where {T},}, is a suitable sequence of scaling operators. This work aims to understand the weak
limit of {Sy,}, in (1.1) when the process {G[X,]}, exhibits long-range dependence.

The complementary regime, in which {G[X,,|}, exhibits short-range dependence, is custom-
arily referred to as the Breuer-Major setting, in recognition of the seminal work |7] in the case
H; = Hy = R; see also [19]. In this case, the process (1.1) falls within the Gaussian universality
class, with the usual scaling T), = n~/ 2Iy,. More recently, a line of work based on Malliavin
calculus and Stein’s method has provided new proofs and extensions of such central limit the-
orems, e.g., [9,38,39]. Using the Malliavin—Stein framework in infinite-dimensional spaces [15],
two of the present authors recently established the first extension of the Breuer—-Major theorem
to the fully Hilbert-space setting considered here [17].

In the long-range dependent regime, the limit of (1.1) is generally non-Gaussian and such
weak convergence results are referred to as non-central limit theorems. In the scalar case Hy =



Hy = R, the corresponding non-central limit theorems are due to Dobrushin and Major [13] and
Taqqu [45,46], whose work motivates the title of the present article. In this case, the scaling T,
depends, in general, on the dependence properties of {G(X}y)}, and the partial sums {S,} fall
under the universality classes of the so-called Hermite processes. The cases H; = R4, H, = R
and H; = R, Hy = R? were later studied in [1,44] and [2], respectively. This topic continues to
receive attention; see, for instance, [32] for the case H; = R? Hy = R, with a latent Gaussian
random field { Xy }rezr indexed by the lattice Z". Finally, Theorem 2.7 of [4] studies the case
H; = R, Hy = L?(R, w(t)dt), where w is a suitable weight function, and 7}, is a scalar multiple
of the identity times a slowly varying function, with the scalar normalization determined by the
leading term. Their result can be recovered as a special case of ours, modulo the presence of the
slowly varying function, giving rise to a substantially simpler limiting process.

We establish a non-central limit theorem allowing both the input and output spaces to be
possibly infinite-dimensional, general Hilbert spaces. Under spectral assumptions on {X} (cf.
Assumption 3.1) and mild assumptions on the map G (cf. Assumptions 3.2), we determine the
limit of (1.1), with {7, },, a suitable sequence of scaling operators. In this setting, different
projections in Hs may require different normalizations, and different Wiener chaos orders may
contribute to the limit, even within a single direction. We identify the operator normalization
T,, = n~ P through the effective memory exponents of the active Hermite terms and represent
the limiting process by a series of Hilbert-valued multiple Wiener integrals.

Our motivation for this problem stems from the asymptotic analysis of sojourn measures
of Gaussian random fields exhibiting long-range dependence. To be more precise, consider a
Gaussian random field Z = {Z(z,t) : © € D, t € T}, where D is a spatial domain such as
[0, T]% or the sphere S? [35], T is a time index set such as R or Z, and {Z(-,t)}47 is stationary
and exhibits long-range dependence. Viewing Z(-,t) as an L?(D)-valued random element, set
H; = L?(D) and Hy = R. For a measurable domain D C D of finite measure, the centered
sojourn functional above wu is, for k € T,

Sh(u) = GulZ( k)] = EG.[Z(,0)],  Gu[f] = /Dﬂ{f(ac)Zu} de =z e D: f(z) = u}|.

where | - | denotes Lebesgue or surface measure, as appropriate. The associated asymptotic
problem concerns the normalization and limiting distribution of centered sojourn measures as
the observation domain expands. For a time-indexed spatial field, this also leads to the study
of temporal sums of G,[Z(-,t)] — EG,[Z(-,0)].

These questions have been investigated under both short- and long-range dependence; see,
for example, (8,22, 25,26, 33,35]. A central tool in this literature is the reduction principle,
which identifies the chaos components governing the asymptotic fluctuations through Hermite
or Laguerre expansions. Classical results [13, 29, 30, 45, 46| establish this approach for long-
range dependent Gaussian and chi-squared subordinated fields. In the spatiotemporal setting,
Leonenko and Ruiz—Medina [27,28] apply reduction principles to obtain central limit theorems
under increasing-domain asymptotics in time and/or space. Marinucci, Rossi and Vidotto [34]
derive central and non-central limit theorems for sojourn measures of stationary and spatially
isotropic Gaussian fields on the sphere under increasing-time asymptotics, showing how tem-
poral dependence and the excursion threshold determine the normalization and limiting law.
Their spherical-harmonic formulation makes the role of the angular spectrum explicit. Exten-
sions to chi-squared subordinated fields, using tensor products of Hermite polynomial bases, are
developed in [10]. See Section ref 7.2 for the application of our result to such a setting,.

Although we are the first to treat the partial sums of subordinated Gaussian sequences (1.1)
at this level of generality, several works establish limit theorems for stationary Hilbert-valued
sequences. The theory is more developed for linear series [6,36,37], and a few works also study
limit theorems for long-range dependent linear series in Hilbert spaces [11,14,16]. In particular,
the last of these is the first work we are aware of to construct a non-Gaussian Hermite process
taking values in an infinite-dimensional Hilbert space.



Our main result, Theorem 3.1, establishes a non-central limit theorem under spectral as-
sumptions, with the anticipated operator normalization n=° on Hy. A key assumption is that
a single orthonormal basis of Hj, denoted by {¢;}ien, simultaneously diagonalizes all covari-
ance and spectral density operators. Moreover, we assume a semiparametric characterization of
the spectral densities in this basis, such that each coordinate exhibits long-range dependence,
with uniform control of the associated memory parameters and slowly varying functions; see
Assumption 3.1. Our assumptions on the functional time series { X} are satisfied by Gaus-
sian functional FARIMA models, including models with a common memory parameter [31| and
models with coordinate-dependent memory parameters [18,43], under suitable summability and
uniform spectral bounds. The simultaneous diagonalization condition also holds for fields in sta-
tistical physics whose spatial domain is a connected and compact two-point homogeneous space,
provided that the covariance and spectral density operators are invariant under the isometry
group of the manifold; see, for example, [40].

The proof relies on a Wiener—Itd chaos decomposition for Hilbert-valued random variables
(see, for instance, Sections 2 and 4 of [17]) and is split into two parts. First, we prove a
reduction principle (cf. Proposition 5.2). In each basis direction v; of Hy, the fluctuations are
governed by the leading terms, which share an effective memory exponent determined by their
Hermite multi-indices and the memory parameters of the underlying Gaussian sequence. For the
proof of the reduction principle, we use finite Hermite projections and uniform bounds on the
projection remainders. Second, we prove that the kernels of the leading terms converge to the
corresponding kernels of the limiting process (4.9) (cf. Proposition 5.1). Each individual term
in this representation belongs to a fixed Wiener chaos. We establish the kernel convergence for
each fixed Hermite multi-index and extended to the full expansion by dominated convergence.
Moreover, the limiting process need not belong to a single Wiener chaos, since different chaos
orders may survive within a single direction of Hs, as well as across different directions.

The paper is organized as follows. Section 2 introduces the spectral setting and some prelim-
inaries for Hilbert-valued random variables. In Section 3, we state and discuss our assumptions
and present the main operator-normalized theorem. Section 4 constructs the limiting process
appearing in our theorem. Section 5 contains the kernel convergence result and the reduction
principle, together with their proofs and the proof of the main theorem. Finally, Section 7 gives
two applications of our result.

2 Preliminaries

In this section we present some preliminary facts about random variables taking values in Hilbert
spaces, as well as their Hermite and Wiener chaos expansions.

2.1 Random variables on Hilbert spaces

Let H be a real separable Hilbert space with the inner product (-, ) , and denote by H= H—+7H,
its complex version, whose elements are functions of the form ¥ = 11 + iy for ¢, € H, i = 1,2,
equipped with the inner product given by

<¢1 + g, Y1 + i{/;2>Iﬁl = <¢1,$1>H + <¢2,?;2>H +1 (<¢271;1>H - <¢1,$2>H) :

We denote by (2, F, P) the underlying probability space, and by L?(2, F, P : H) the space
of square integrable random variables taking values in H, where H may denote a real or complex
Hilbert space. For compact operators on H (where again H may be real or complexified), fix

a basis {¢;}; of H; let S;(H), So(H), and L£(H) denote the trace-class, Hilbert—Schmidt, and

operator norm classes, respectively. For an operator A with adjoint A* the corresponding norms



are given by

[Alls, = D (LA ().,

k>1

[Allsy ) = /A Alls,@y> (Al = sup [JA@D) |[m,
YeH; [|4la=1

Recall that {X} : k € Z} denotes a centered, stationary, Gaussian, and H;-valued random
variables, with covariance operator (), and denote the law of Xy by ~g. Its autocovariance
operators are

I'(v) = E[X, ® Xo), L' (v)h = E [(Xo, h)w, Xo], v EZ,

such thay @ = I'(0). From the spectral theorem, there is a basis {¢,}, of Hy such that Q¢, =
Ar¢p for all 7 > 1, where ), o1 A = Tr(Q). Without loss of generality, we can assume that Q
is nondegenerate (meaning (Qh, h)g, > 0 for all h # 0) by excluding the coordinates ¢, with
Ar = 0 from Hj.

Following [41]| and [43], we define by .Z,, the spectral density of the Hilbert-space valued pro-
cess { X }x. Assume that .Z, is a strongly measurable positive self-adjoint trace-class operator
for almost every w € [—m,w]. Under Assumption 3.1 below, the autocovariance operators are
given by i

I'(t) :/ e Fydw,  tEL,
—T
where these integrals are understood in the Bochner sense and imply that T'(0) € S;(H;),
E || Xolf, < oo, and that

s

10 s, i) < / TH(F) de.

Moreover, the Banach-valued Riemann-Lebesgue lemma gives [|I'(t)||s,@,) — 0 as [t] — oo.
Under Assumption 3.1, there is a common basis {¢y} diagonalizing the spectral operator family
{Zw}we|—nx for almost all w € [, 7], admitting the family of eigenvalues { fi.(w) }ren we |-
As a result of Assumptions 3.1(i)—(ii), the same basis diagonalizes {I'(t)}:cz, the eigenvalues
{Ar}r of Q are related to {fi(w)}renwe—rx bY Ar = 7, fr(w) dw, and we obtain

Z i fr(w) dw < 0.

E>177T
Finally, we define the normalized spectral eigenvalues by

fr(w) = fr(w) w € [—m, 7, so that ! fr(w) dw =1,

b
Ar .

2.2 The infinite-dimensional Hermite expansion

In this section, we collect some facts about the white noise and Hermite expansions for random
variables taking values in H;. We mostly use the exposition of [17].
Define the white-noise mapping by, for z, h € Hj,

Wi(z) = > N2, ¢p)m, (b de)m,, implying Wy, (X) = (Ko, Or)y (2.1)

7’21 \/x

where the series converges in L?(Hj,vq).
Let G : Hy — Hy be centered and in L*(Hy,vq : Hy), ie., E[|G[Xo]||f, < co. Denote with
{v; 14 > 1} an orthonormal basis of Hj.



The probabilists’ Hermite polynomials are defined by Hy(z) = 1 and, for p > 1, H,(z) =
(—1)pezz/2%e*22/2. For standard jointly Gaussian U,V , E[H,(U)H, (V)] = pl(E[UV])?épm.
Set

Li{ﬁz(fm)mzleNg":MiZ€m<oo}, Ly={tel:|=p} 0=T]] tu,

m>1 m>1 (2.2)
My =0, My =max{m: {,, > 1} (L #0).
The generalized Hermite polynomials and coefficients are

M,
Hylz] = [[ He,,(Ws,, (),  LEL,

m=1

with the empty product equal to one. Then, from Lemma 2.1 in [17], we have the Hermite
decomposition

o1
= g E cioHylz] @ v;,  where ¢ 0= E<G’H£ ® Uz‘>L2(H1’7Q)®H2 (2.3)
i>1 beL '

where we have used the identification L?(Hy, yg : Ha) = L?(Hy,vg)®Hs. The notation Hy[z]®v;
is identified with usual multiplication Hy[x]v;.

Lemma 2.1. The family {(¢)"V2H,®@wv; : £ € L, i > 1} is an orthonormal basis of L*>(Hy, g :
Hy). In particular, (2.3) converges in that Hilbert space and B ||G[Xo]||f, = dois1 2ver Oei ol

For nonzero centered G, its Hermite rank and chaotic expansion are defined by

g = Rank(G) =min{p >1:¢;y # 0 for some i > 1, £ € L},

[e.e]

G= ZGP’ Gplz] = Z Z cioHolx) ®vi, p > q, (2.4)
p=q i>1 €L,
and taking Go = --- = G4—1 = 0, where G, denotes the chaos projection. Moreover, by the

orthogonality of the Hermite polynomials we get the identities

E ||G[Xo]|%, = ZZchMP@o E ||Gy[XollZ, = szczd < .

p=q i=1 LeL, 1=1LeLy

2.3 Wiener chaos expansions on Hilbert spaces

Let W be a Hermitian Gaussian spectral measure on R x N, with control measure dx ® #, so

that its coordinate measures ﬁ/\j are independent and /Wj(fA) = Wj (A). Let $ be the real
Hilbert space of complex-valued L?(dx ® #) functions satisfying f(—x,j) = f(z,j), with the
real L? inner product. -

For p > 1, let I, denote the multiple Wiener—Ito integral of order p with respect to W. Equip
the symmetric tensor powers with the norm inherited from the full tensor power, keeping the
factorial explicitly in the isometry. For f € H®P and g € H®?, we then have

E[L,(f)14(9)] = {§!<f’g>ﬁ®p’ Z 7:5 Z’ (2.5)

We denote its Hilbert-valued counterpart by Z,, = I, ® Idg,.



Since the standardized coordinate process {Wy, (X¢)}iez has spectral density E-7 we may
work with a joint spectral realization such that

Wo, (Xi) = / M Jj(w) Wy (dw) = Dilhja), hjalw,t) = & @)Ly (@) Lpyy.
(2.6)
Let Sym,, denote the standard symmetrization operator from H%P onto HOP; see [39, Ap-
pendix B.3|. For £ € L, let k; < --- < k, list the coordinate indices, with each j appearing

exactly ¢; times. For a square-integrable kernel f satisfying f(—xz) = f(z), define

P
ff((xbjl)v"'?(xp’jp)) :f(‘rh"'?xp) H]l{ja:ka}v Jgf:Symp fe' (2'7)

a=1

If f is invariant under permutations of positions carrying the same label, then

PJefI5er = LI F 172 (2.8)

From (2.6), the labelled kernels satisfy ||hj+|ls = 1 and (hjs, hrt)e = 0 for j # k. Thus

Hy, (W, (Xt)) = I, (hf-?fj ), and all cross-coordinate contractions vanish in the product formula.
Expanding the resulting tensor product and applying Jp therefore yields

p ~
3 I (i o) 211{%5”})]) | >

a=1

Ho( Xy =1, (J[

where the spectral densities are extended by zero outside [—, 7].

3 Assumptions and Main results

In this section, we present our assumptions, main results, and a discussion on the assumptions.

3.1 Assumptions

We start with the central assumption of our work. We call an input coordinate j active if it
appears in a nonzero term of the Hermite expansion of G, i.e., there is a a multi-index ¢ and an
i such that £; > 0 and ¢; ¢ # 0.

We now state the spectral assumptions on the underlying process { Xy }.

Assumption 3.1. Assume that the following hold for the spectral density operators {7, }.:
(i) For almost every w € [, 7], %, € Si(H;) and ST Tr(Fy) dw < .

(ii) There is an orthonormal basis {¢ : kK > 1} of Hj such that, for all k£ > 1,

Fwbr = fr(w)dr, felw) >0, fr(—w) = fr(w), (3.1)

for almost every w € [—m, 7).

(iii) For every k € N, there exist constants 0 < aj, < o < 1, K > 0, and M > 0, and a
measurable function Ly : (0, 7] — [0, 00), such that

fr(w) = Xgkglw| ™ L (lw]), for a.e. 0 < |w| <, (3.2)

where lim, o Lx(r) = 1 and supy, Lg(r) < M ae. 0 <7 <|x|.



(iv) Assume that the standardized spectral scales are uniformly bounded:

K« = sup{ky, : k is active} < oo.

We state now an important consequence of Assumption 3.1. Recall the memory parameters
a;}; from Assumption 3.1(iii). For £ € L,, define
353 P

BE) = Zej(l — ), H(L)=1-1p(L). (3.3)

The quantity 5(£) combines the coordinate memory parameters with their Hermite multiplicities,
and we call H(€) the effective exponent of the corresponding Hermite term. The effective expo-
nent corresponds to the scaling of our sums. We call the index H (¢) noncentral when H(£) > 1/2
or, equivalently, 3(¢) < 1. Denoting ¢ = 1 — sup; a; > 0, this implies that 5(£) > Ezj l; = pe,
hence p < ¢!, In other words, for each fixed €, we can only obtain Hermite polynomials of
order up to p < e~ L.

Define the dominating index and sets respectively by

di =sup{H(£) : c;p #0, H(£) > 1/2},

3.4
Di:{£€£lci,g#0,f‘[(£):di}, ./\/;':{EE/::C@Z#O}\DZ', ( )
giving rise to the dominating part of the Hermite expansion
Gp[Xi] = Z Z cioHp[ Xt]v;. (3.5)
i=1 £eD;

Assumption 3.2. Fix a measurable, centered map G : H; — Hy with coefficients as in (2.3)
and assume the following:

(i) For every nonzero output coordinate, assume that its set of active noncentral indices is
nonempty and that the supremum defining d; in (3.4) is attained. For an identically zero
output coordinate, set d; = 3/4 and D; = @.

(ii) The following is satisfied

SR ORTEA G
i 2d; — 1

An important corollary of our main setting is the one where there is a common active
component. In this simplified setting, Assumption 3.2 will be replaced by the following, simplified
hypothesis.

Assumption 3.3. Suppose the following three assumptions hold:
(i) The map G € L?(Hj, g : Hy) has hermite rank q.

(ii) There is o € (0,1) such that ¢; ¢ # 0 for £ € £, implies a; = « for all j € supp £, and

_1
a>1 7

(iii) All higher order chaoses scale slower than the leading chaos, i.e., if ¢; o # 0 and €] > g,
then H(£) <1—2(1 - a).

For the common « in Assumption 3.3, we define
Hzl—g(l—a)e(l/Z,l). (3.6)

Note that, if all active input coordinates, including those in higher chaoses, have the common
exponent «, then Assumption 3.3(iii) follows immediately from Assumption 3.3(ii), since 1 —
p(l—«)/2 < H for p >q.



3.2 Main theorems

Recall the objects in (3.4). Define the bounded diagonal operator and its normalization by
Dv; = d;v;, n~Pu; = n~ %y, (3.7)
and the partial sums process and its continuous linear interpolation:

[ns]
Su(8) =T > GIXe],  Sul(s) = Su(s) + (ns — [ns])TnGIX s +1]. (3.8)
t=1

where {T},} is a suitable sequence of scaling operators. The random variable S, is an element
of C([0,1];Hz). The following is our main result, identifying the scaling limits for (3.8).

Theorem 3.1. Let {X; :t € Z} be a centered stationary Gaussian sequence with values in Hy,
and let G € Lz(Hl,’}/Q;Hg) be centered and nonzero, where vg denotes the law of Xo. Suppose
that Assumptions 3.1 and 3.2 hold. Let D be the bounded diagonal operator in (3.7), and denote
by Zp the Ha-valued process given in (4.8) below. Then, as n — oo,

[ns|
n P> G L Zp(s) (3.9)
t=1

in Heo, where f—> denotes convergence in finite dimensional distribution. If, in addition, d. =
nfy. (G sy, 20 di > 1, then the process Sy in (3.8) with T, = n~ converge weakly in C([0, 1]; Hy)
to a continuous version of Zp.

The limit Zp in (3.9) may contain several Hermite orders. If all surviving terms have order
one, the limit is Gaussian.

We now consider the case where all input coordinates appearing in the leading chaos have a
common memory exponent, which is a corollary of Theorem 3.1.

Corollary 3.1. Let {X; :t € Z} be a centered stationary Gaussian sequence with values in Hy,
and let G € LQ(Hl,’yQ;Hg) be centered and nonzero, where g denotes the law of Xo. Suppose

that Assumptions 3.1 and 3.3 hold. Let H and Zg]) be given in (3.6) and (4.10), respectively.

Then, as n — oo,
[ns]
n 1S x4 20 (s) (3.10)
t=1

in Hy and, moreover, the process Sy, in (3.8) with T, = n~ converges weakly in C([0,1]; Hy) to
a continuous version of Zg).

3.3 Discussion on the assumptions

Remark 3.1. As pointed out in the Introduction, an interesting example where the double
spectral diagonalization (3.1) holds is obtained when the spatial domain is a connected and
compact two point homogeneous space My with topological dimension d. Invariance under the
group of isometries leads to diagonalization of the covariance and spectral density operator
families in the eigenfunctions of the Laplace—Beltrami operator on My; see [40].

Remark 3.2. Replacing Assumption 3.1(iv) with the slightly stronger assumption supy, ki < 0o,
we obtain a particularly convenient equivalent formulation of Assumption 3.1(iii). We can recast
the spectral density operators as

Fw = QY w| A LLKQY?, for a.e. 0 < |w| <,



where the associated operators are diagonal and share a common eigenbasis Q¢ = Ap¢g, define

Agp = apdr, Kér = krdr, Lyor = Li(|w|)px.-

Then, we need that || Al| £,y < 1, [l £,) = supy kx < 00,0 < Ly, < MIdforae. 0 < |w| <,
and that L,h — h for every h € Hj as w — 0.

The following remark gives some sufficient time-domain assumptions ensuring our spectral
Assumption 3.1.

Remark 3.3. Assumption 3.1 holds, for example, if Q¢ = Apdr, A > 0, Y, A < 00, and the
autocovariance operators are diagonalized by the same basis and satisfy

T (h)dr = Aerh®™ 1 Li(R)dr, h>1,

where 0 < infy o < ap < suppar < 1, 0 < infyep < ¢ < sup,cp < oo, and each Ly is
measurable and slowly varying at infinity, with lim,_,~ Lx(x) = 1. We additionally require

sutho‘k_1|Lk(h) — 1| < o0.
kb=t

Indeed, the power-law cosine-series expansion, uniformly over the stated compact range of
memory parameters, together with the weighted summability condition yields
fr(w) el (ag) cos(may/2)

v Kilw| ™% + Ry (w), sup || Ri |0 < 00, K = .
k k ™

The expression for ki is the standard scalar asymptotic constant; see [42, Proposition 2.2.14].
Since the kj’s are uniformly bounded above and away from zero, and supy, || Rk|lco < 00, As-
sumption 3.1 follows.

Remark 3.4. Suppose that G has hermite rank ¢g. Then, for all £ € £,,p > ¢, we have that
H()=1-1 > ili(l—a;) <1-5(1-a) <1-2(1-a), and the equality holds precisely when
(i) p=gqand (ii) £ € L, and supp€ C D.

4 Construction of the limit

In this section, we construct the limiting random variable Zp in (3.9).

4.1 Spectral kernels
For s € [0, 1], define the temporal kernel

B ety — 1 0
Ry) = / v =)y o YT (4.1)
0

s, y=0.

Fix £ € £,, p> 1, with H(£) > 1/2, and let k; < --- < k), list the coordinate indices, with each

J appearing exactly ¢; times. For = (x1,..., ), set
/P P
Ks,e(l") = K; (Z 55@) |xaraka/2v (4'2>
a=1 a=1
Lns] P
Lyse(z) =n HO-P2N" it Eomyae/n TT (ﬁca (xa/n)1/21{|xa|gm}> : (4.3)
t=1 a=1



Define, moreover,

P
By = / (LA oy + -+ x| 7h)? H Kk, |Ta| e da. (4.4)
RP

a=1

and, for p > 2, the convolution

p—1
\I’Z(y) = /Rpl (H ’ika|xa|aka> Ky
a=1

while, for p =1, set Wp(y) = K, Jy| .

,akp

d$1 tee dCCp_l, (45)

p—1
y=
a=1

Lemma 4.1. For every £ € Ly, p > 1, satisfying H(£) > 1/2, we have 0 < ¥p(1) < 0o and
Uo(y) = Le()fy' 21O,y #0. (4.6)

Moreover,
1 1

B¢2W5(1)<1_H(£)+H(e)> < 00. (47)

Proof. For p =1, we have 1 —2H (£) = —ay, and ¥y(1) = kg, , so (4.6) follows directly from the
definition of W,.
Forp>2and1<r <p, set

T

r
nr:Zaka—T+1:1—Z(1_aku)a
a=1

a=1

Since the terms 1 — ay,, are all positive and their total is S(£) < 1, n, € (0,1) for all 1 <r < p.
We use now the form of ¥ in (4.5) to prove (4.6). Note that it suffices to prove that
Ty(y) = CWp(1)]y|'~2H®  since then we can obtain the constant by evaluating ¥, at one.
We prove that, for every r =1, ..., p, there exists 0 < C, < oo such that, whenever y # 0,

r—1 r—1

-«
[ (b ) sefo-Sa
R"= a=1 a=1

For r = 1, the left-hand side is understood as ky, |y|”“*1. Since 71 = ay,, the identity holds
with 01 = KRy

Now fix 2 < r < p and assume the identity holds for + — 1. By Tonelli’s theorem and the
induction hypothesis,

r—1
—«
/R 1 Ilﬂka’xa‘ Fa | K,
r—
a=1

—ay,.

dry---dey_1 = Cr|y’—77r.

—ay,.

dxy---dr, = T_ka/ |u| 7=ty — u| T du
R

r—1
Y= T
a=1

= Comama 1 [ o721 = ol do = Gl
R

where for the third equality we used the substitution v = yv and that n, = n,_1 + aj, — 1; for
the fourth equality we have set C, = Cp_1kp, [ [v]771[1 — v|~%r dv € (0,00), where notice
that the finiteness of the integral near zero and one is due to 0 < n,_1, . < 1, and at infinity
because 7,-1 + ax, = 1 +n, > 1. This proves the induction step.

To obtain By, replace z, by y = x1 + --- + xp. Then, using Tonelli’s theorem and the
definition of Wy,

1 [e'e)
By = /R (LA [yl ™12 We(y) dy = 20(1) < / YO gy / y—l—W)dy).

0 1
Both integrals are finite because 1/2 < H(€) < 1, proving (4.7). O
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4.2 Definition of the limit
4.2.1 The general case

On the common spectral probability space introduced in Section 2.3, define, with x¢ = ; lif ,
(o]
= Zi(syy; with  Zi(s) = Y ¢ en T (JeKs ), (4.8)
i LeD;

or, equivalently, groupping the terms of order p into a kernel hy, s € HP ® Ha, we can write

$) =3 Tohps)  hps=> > cierPIK @i (4.9)

p>q i=1¢€D;,|l|=p

By using (2.8), the fact that label supports for different multiplicity indices are disjoint, and
the kernel estimates (5.1) below, we can infer that

o0

ElZp(s)llit, = Y D € leielIn* Kool 72 gie
i=1 LeD;

<z:z:£||cZ 1’C/(2d; — 1) <CZ:EI [Xo), U1>H2|2<oo,

2d; — 1
i=1 £eD;
from Assumption 3.2(ii).

4.2.2 The common exponent case

Let ¢ and « be as in Assumption 3.3. Define

q q
K(xy,...,2q) == K (Z%) H |za] 72, (x1,...,24) € RY,
a=1 a=1

where K, is given by (4.1). By Assumption 3.3(ii) and (4.2), we have K,y = K, for every £ € L,
such that ¢; o # 0 for some i. We then define

o o
D(s) =" I(Kis)vi = T, (Z Kis® vz-) , Kis= Y cior®P Ik, in 9% (4.10)
i=1 i=1 eeL,
where, recall (4.2). Note that when s > 0, K, € L?(RY) if and only if 1 —1/¢ < av < 1. The

isometries (2.5)—(2.8) then imply

EN1Zif (5)l1f, = 1Kl Fome) Y Y 2 esels” < oo.
i=1 €L,

5 Proofs of the limit results

We derive convergence of the kernel functions that correspond to pre- and postlimits and prove
a reduction principle. Finally, we combine these two results to prove Theorem 3.1, and conclude
with the proof of Corollary 3.1.
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5.1 Kernel convergence

Recall the prelimit kernels L,, 5 ¢ from (4.3) and the limit kernels K ¢ from (4.2). The following
lemma states a convergence result for these kernels.

Proposition 5.1. Suppose Assumptions 3.1(ii)-(iv). For every £ € L, supported on active
coordinates with H(€) > 1/2, and every s € [0,1], there is a constant C, independent of the
index and its order, such that

C C
Sup Sup ||Lns£||L2 Rp) sup || £/2 KslfHL? RP) (5.1)

n>1 sef0,1] T 2H(E) - s€[0,1] T 2H(E) -

Suppose, in addition, Assumptions 3.2(i),(ii). Then, for the dominant sets D; and any fized
S1,---,8m €10,1], 01,...,0, €R,

> el

=1 €D,

2

Z a( n,Sq,8 RZ/QKSm )

=1

0. (5.2)
L2(RI#)

Proof. We first establish convergence in L?(RP) of the kernels Ly e to k2K s,¢- This conver-
gence is then used to infer (5.1) and (5.2).

For the L?(IRP)-convergence, we first establish almost-everywhere convergence and verify then
that dominated convergence theorem may be applied by showing integrability of the respective
objects. Fix £ € £, with H(€) > 1/2, write k = k(£), and

1 Lns)
Ze”y/n y=2x1+ -+ xp. (5.3)

Fix also s € (0, 1]; the case s = 0 is immediate because both kernels vanish. Using the definition
n (4.3), we have, with further explanations given below,

[ns]
Lysp(w) =n HEOPRZZ it domy wa/n H Fea(@a /)1 00 <on)

t=1 a=1

= Ky [ —okal2f (2 /n)1/21{|xa|§ﬂ'n}} (5.4)

1/2]:Ua|_°"“a/2 = KeﬂKs,g(ZL') for a.e. z € RP, (5.5)

ﬁ

where (5.4) follows by (5.3) and since —1—3 3" | a,, = —H(£)—p/2. For (5.5), the convergence
of each spectral factor follows from Assumption 3.1(iii), since z,/n — 0 and, for fixed z, # 0,

the indicator equals one for all sufficiently large n. The convergence IA(n,S (y) — K, (y), with K,
defined in (4.1), follows from the end of p. 289, (5.3.10), (5.3.13), and p. 291 of [42]. The final
equality uses k2 = [T2_, K, /2 and the definition of K ¢ in (4. 2)

For integrability, we 1ntroduce the set A, = {z € RP : |x1 +--- + 2| < mn} and consider
both A, and its complement separately. On A,,, we get

K min MSJ 1 min —1
HEno 0] < { n ’n|sin<y/<2n>>|} < {1’ s (y/ @) }
<min{Laly ) <7@A). gl <, (5.6)

12



where, in the first line, the two bounds follow respectively from the triangle inequality and
(A.2.2) in [42]; we then use |ns]/n < 1. On |y| < mn, the inequality |sin(y/(2n))| > |y|/(7n)
gives the second line. Then, using (5.4),

P 2
Lo (@) L, @)F = | Ko ) [T [0 2 @0/ m) 21 sy <om || 14, ()
a=1
< MPRY| K, 5(y) H | 24| a4, () (5.7)
p
<2 MPREAA [yl T 12al =% = ge(x), (5.8)

where (5.7) follows by Assumption 3.1(iii) and [[/_, &, = #%; (5.8) is due to (5.6). Combining
this bound with (5.6) on A,, gives the last line. It remains to show that ge(x) is integrable, that
s,
p
/ ge(x) de = 7r2Mp/ (LA oy 4+ 3|12 H Fiky |Ta| "k dz = T2 MP By < o0,
Rp Rp a=1
with Bp as in (4.4). Finiteness was established in (4.7). By (5.5), for almost every = € RP,
Lise(2)1a, () = &2 Ky p(2),

using 14, () — 1 that holds since every fixed = belongs to A,, for all sufficiently large n. Finally,
2
Ly se(2)1a, (z) = 67K p(@)| <2\ Lnse(@)1a, ()] + 252K, o (@) < 4ge(2),

using |u—v|? < 2|u|?4-2|v|? and since by (5.5), we have |k4/2 K o(2)[? = limy, 00 | Lns ()14, (z)[> <
ge(x). The integrand in the last line converges to zero almost everywhere and is bounded by
the integrable function 4g;.

We can now apply dominated convergence on A,, to prove (5.9)

2
’ L2(Rr) - /Rp

It remains to control the prelimit kernel on A§. On Af, use the integral of |[A(nys|2. Parseval’s
identity in (A.1.4) of [42] gives

/2

2
Lnsela, — 672K, Lnse(x)la, (x) — 72K, ()| dz— 0. (5.9)

2

™ T [ns]
/ \Kn,s(y)\Qdy—/ > et de = L d < 2. (5.10)

—7Tn - t=1

The integrand is 2mn-periodic. Since p is an integer, integration over any interval of length 2pmn
therefore gives at most 27p.

The support of L, s ¢ is contained in [—mn,nn?, so |y| < prn on that support. Then, with
further explanations given below,

p
| Lot |3 gy < M1 Boser+ -+ 2p)? T] o lea = de.

|ze|<mn, a=1,....p

|z14-Fxp|>TN a=1
< M Ko s ()2 W (y) dy (5.11)
mn<|y|<pmn
PN
< M (1)) 21O [ R, )P dy (5.12)
—p7Tn
< apM¥ Byn!—2H®) _, 0, (5.13)
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For the first inequality, we used (5.4) and Assumption 3.1(iii). The inequality (5.11) is due
to substituting z, = y — >_.7_ %xa, and using the definition of Wy in (4.5). For (5.12), we use
(4.6) of Lemma 4.1 and |y| > 7n. The last inequality follows from (5.10), Wp(1) < Bp/2, and
71=2H(®) < 1. The bound is uniform in s € [0,1] and tends to zero because 2H(£) — 1 > 0.

Combining (5.9) and (5.13), the triangle inequality gives
Lpse— k72K, in L*(RP). (5.14)

Proof of (5.1): By the isometry (2.8), the coordinate spectral representation under Assump-
tion 3.1(ii) and the change of variables z, = nwy,

_2H(8) Lns] C 2HE)
, n [ns| C
HLn,s7Z||L2(RP) 7 Var ; HZ[Xt] = QH(E) -1 < n ) o 2H(£) -1

Here (6.4) is applied with d = H(£). Fatou’s lemma and the convergence in (5.14) give

2 < L
(R?) = 92H(£) — 1

Y, ..
K2 K s ]| 22 gy < liminf || Lo,s,

Both estimates hold for every s € [0, 1], proving (5.1). The variance lemma was proved directly
from the spectral densities and does not use kernel convergence or any coefficient summability.

Proof of (5.2): Fix s1,...,8m € [0,1] and 64,...,60,, € R. For £ € D;, we have H(£) = d;,
with d; € (1/2,1) by Assumption 3.2(i). Then, with further explanations given below,

> el

2
a( n,5q,8 — HZ/zKSaﬂ)

=1 £€D; =1 L2(RI€l)
Z Z 4C<zm_ 16a])?
< YAl 4 2 a=1_ ¢ Nl

<4C (Zye \) Z ElG [Z(O]_”f)%' < o0, (5.16)

where (5.15) is due to triangle inequality and (5.1), (5.16) follows by Parseval’s identity and
Assumption 3.2(ii). For each fixed index the squared error tends to zero by (5.14). Dominated
convergence of the countable series proves (5.2). O

5.2 Reduction Principle

For the following proofs, we first introduce the required notation. Recall £ from (2.2). Let
Q = (Q;)i>1, where each Q; C £\ {0} consists of indices supported on active coordinates. Fix
d; € (1/2,1) and recall the operator D from (3.7). For N > 1, define

Fn(Q)={(1,£):1<i<N, £€Q; [{<N, f(;=0forallj>N},

and write .
Go= Z Z ci,eHevi, G(QN) = Z cioHpv;. (5.17)
i=1£eQ; (i,£)EFN (Q)

The sets Fn(Q) are finite and increase to all indices in Q. By Hermite orthogonality and

Parseval’s identity, G( ) is an orthogonal projection of Gg onto a finite-dimensional sub-
space of L? (Hl,’}’Q,Hg) and converges to Gg in this space. Each projection takes values in
span{vi,...,vx} and depends only on the first N standardized Gaussian coordinates.
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Proposition 5.2. Recall Gp from (3.5). Suppose Assumptions 3.1(ii)-(iv), 3.2(1),(ii). Then,
as n — 0o,
[ns) ?

sup E |n~P Z(G[Xt] — Gp[X¢])|| —0.

s€[0,1] i—1 "
2

Proof. We control each nondominant term uniformly over partial-sum lengths. Recall N; from
(3.4), i.e., the set of indices that corresponds to nondominat terms. Fix i and £ € N;, and write
p = |€| and 8 = B(£). Under Assumptions 3.1(ii)—(iv), applying (6.3) of Lemma 6.2 gives

. (14 125) n24H@), e (0,1),
[ax n~2% Var <Z He[Xt]) < LICP K n'=2di(1 4 21ogn), g =1, — 0. (5.18)
<m< t=1 (1 i %) pl=2d; B>1,

For (5.18), the variance bounds are increasing functions of m > 1, so we may replace m by n
in their upper bounds; the case m = 0 is immediate. When 0 < 8 < 1, we use 2 — 5 = 2H (¥).
Moreover, £ € Nj and H(£) > 1/2 imply H(£) < d;, so n=2d=H®) 0. When 8 = 1, the
condition d; > 1/2 in Assumption 3.2(i) implies that n' 2% (14-2logn) — 0. The same condition
gives n'=24% — 0 when 8 > 1.

Set F = G — Gp = Gy and FIV) = G(N), using the representation in (5.17) with N/ =
(N;)i>1. For each fixed N, Lemma 2.1 gives

[ns| 2

sup E||n DZF Xt < Z |ci.el? nax n~2% Var (ZHIZ[Xt]) — 0(5.19)

s€0,1] =1 g, (DEFNWN) t=1

The sum is finite and each term tends to zero by (5.18). Recall that H(€) < d; for every £ € N,
so Lemma 6.3 applies with @ = A. Combining its bound with (5.19) and the decomposition
F=FWN) 4 (F— FMN) we obtain, for every N > 1,

Lns) ? s ?

limsup sup E|ln DZFXt < 2limsup sup E|n DZF [X¢]

n—00  s€[0,1] i—1 n—00  s€[0,1] —
HQ HQ

ns)
+ 2limsup sup E|n DZ (F — F™M)[Xx,]

2

n—00  s¢0,1] =1 H,
eyl
S A=
i>1, LeN; 2d; — 1
(10)EFN(N)
a0y Y Al —20 > Blesel” _,
; 2d; — 1 2d; — 1 ’
i=1 LeN; EfN(N)

as N — oo. The first inequality follows from [ju + v]|f, < 2||u||]%12 + 2HU||12HIQ~ For the second in-
equality, the first term vanishes by (5.19), while the second is bounded by Lemma 6.3, uniformly
in n and s. The convergence follows, since, by Parseval’s identity and Assumption 3.2(ii), we
have

< 00.

Ol B (G[Xo), i
Z Z 2d; — 1 - Z 2d; — 1

i=1 LeN;
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5.3 Proof of Theorem 3.1

Proof. We combine Propositions 5.1 and 5.2. We first prove convergence of finite dimensional
distributions in a product space of Hy. We then consider the continuous interpolations (3.8) in
C([0,1]; Hy) and tightness.

Convergence of finite dimensional distributions: Recall Gp from (3.5), and write

|ns] [ns]

_DE:(hth Ry ( —DE: — Gp[Xy)). (5.20)

It then suffices to prove convergence in distribution of A, (s) and that R, (s) is negligible to infer
convergence of A, + R, matching the prelimit in (3.9).
For N > 1, define the finite projections, using the notation (5.17) with D = (D;);>1,

[ns]
AM(s) =n"P3" a2,z = > eIy (oK e)vi
=1 (1,0)eFn (D)

We first prove convergence for fixed V. For every coordinate spectral measure Wj, define

—

Win(B) = nl/QWj (B/n), B C R Borel with finite Lebesgue measure.

The rescaled measures have Lebesgue control measure, since n|B/n| = |B|, and retain Hermitian
symmetry and independence across coordinate labels. Hence the finitely many rescaled measures
have the same joint law as the original measures. Applying the change of variables z, = nw,
simultaneously to the finite collection of multiple integrals gives

AN ME AN = N el (JeLnse)vi. (5.21)
(i,£)eFn (D)

Here we use (2.9) and H(£) = d; on D;. This is the usual joint change-of-measure property of
multiple Wiener integrals; see [42, Appendix B.2, equation (B.2.15)]. The same rescaling is used
for all selected times, labels and chaos orders, so (5.21) is a joint equality in law.

Fix s1,...,8m € [0,1]. The labelled isometry and orthogonality give

EI(AN (sa) = 25" (sa))i [ = Z 3 e'rci,ePuLn,sa,e—f#/sza,eu%?%0.
a=1 (i £)eFn(D

There are only finitely many summands, and each tends to zero by (5.14). Thus, for fixed
N, (A%N)(sa))glzl converges in distribution to (ZI(DN)(SG))ZL”:1 in the finite-dimensional subspace

spanf{v,...,uon}"™.
It remains to remove the projection. By Lemma 6.3 and (5.1), respectively,

sup sup E[|Au(s) - AN )[E, <C Y

n>1s€(0,1] i>1, L€D; 2dl -
(i£)¢Fn (D)
N
sup EHZD(S)—ZE) )(S)H]%Iz <C ‘ :
| 2d; — 1
s€[0,1] i>1, £€D;
(1,£)¢Fn (D)

For the second inequality, use the labelled isometry and H(£) = d; on D;. By Parseval’s identity
and Assumption 3.2(ii), the full weighted coefficient sum is finite. Since the sets Fy (D) increase
to all dominant indices, dominated convergence shows that both right-hand sides tend to zero as

16



N — oco. Summing over the m times and applying Markov’s inequality verifies the approximation
condition of [5, Theorem 3.2]. That theorem therefore yields

(An(sa))is % (Zp(sa))ity  in H'. (5.22)

We turn to the remainder R, (s) in (5.20). Proposition 5.2 implies, for every ¢ > 0,

P([[(Rn(sa))ats llry > €) < QZEHR (s)l[fr, < e72m Sl[gpuEHR n(8)|lf, — 0, (5.23)
a=1 S

where the first inequality is Markov’s inequality. Combining (5.20), (5.22), and (5.23), Slutsky’s
lemma in HE* proves (3.9).

Continuous interpolations: Recall (3.8), with T,, = n~P. Since Assumption 3.2(i) gives d; > 1/2
for every i, including the prescribed values on zero output directions, |[n=P||zm,) < n~1/2,
Stationarity therefore gives, for every fixed s € [0, 1],

[ns| 2

E|Sy(s)—n~" Z GIX|| < In™Plzam,) B IGXllE, <n ™' EIGXo]lf, — 0.

Ha

Summing this estimate over si,..., s, shows that the interpolations have the same limiting
finite-dimensional distributions.

Tightness: We apply the tightness criterion in |24, Proposition 4.1 with parameter space [0, 1]
and state space Hy. The marginal laws are tight at every fixed time by the convergence already
proved. It remains to establish a uniform increment bound with a power strictly greater than
one.

We impose the additional condition d, > 1/2 in Theorem 3.1. For every integer a and every
integer m > 1, stationarity and the finite-projection argument in the proof of Lemma 6.3 give

a+m
APSECITRENES ) oI b o)
t=a+1 p=1¢LeL,

< 0 =1 E [(G[Xo], vi)m, |* m?®. (5.24)
For the inequality, every index with ¢; ¢ # 0 satisfies H(€) < d; by the definition of d; and
Assumption 3.2(i). We therefore apply (6.4) of Lemma 6.2, and then Parseval’s identity for the
scalar Hermite expansion of (G, v;).

Let Up(s) = <§;{(s),vi)H2, with 7, = n~P, and put h = t — s > 0. We may take the
constant C' in (5.24) to be at least one. For grid times s,t € {0,1/n,...,1} with s < ¢, we have

nt
1Uni(®) = Uni() 2oy =™ || > (GIX] vi)a,
r=ns+1 L2(Q)
C 1/2
< <2d- _ 1) (G Xo], Ui>H2||L2(Q) hd",

where the equality follows from the definition of the interpolation at grid times. The inequality
is (5.24) with block length n(t — s). For arbitrary s,¢ with h > 1/n, put j = |ns| and k = [nt],
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so that k > 7 + 1. We split the increment as follows
[Un,i(t) = Un,i(s)ll L2(e)

< NUni(t) = Uni(k/n)l 20) + [|Uni(k/n) = Uni((5 + 1)/”)”L2
+ |Uni((G +1)/n) - )HL2 (@)

C 1/2 nt —k k—j—1 j+1—ms
< (3=7) |r<G[Xom>H2|rLz<m[ndi +(H )+ .

oo\V2 B
<3(50q) NGE vz 1

The first inequality is the triangle inequality. For the second, linear interpolation and the
case m = 1 of (5.24) control the two partial increments, while the grid-time estimate controls
the middle block. For the last inequality, each partial-increment coefficient is at most one,
n~% < h% and (k—j—1)/n < h.

If 0 < h < 1/n, we use the piecewise constant slope of the linear interpolation to get, with
further explanations below,

t
[Un,i(t) = Un,i(s)llz2(0) = n' =4 / (G[X|noj+1], vi)m, dv

S

L2(Q)

t
< nldi/ I(GX || 1] Vi), | 2 () dv

= 'R ||(G[Xo), v, | 120y
< W% (G Xo], vi)m, |l r2 (o)

The first equality follows from the interpolation formula, the first inequality is Minkowski’s
integral inequality, and the next equality uses stationarity. The following inequality factors out
h% and uses nh < 1 and d; < 1, the latter by Assumption 3.2(i). Since C' > 1 and 2d; —1 < 1,
both cases are bounded by the estimate with factor 3(C'/(2d; — 1))'/? above. Consequently,

E (ST (t) = Sy (s)f, = ZHUm — Uni(8)| 720
E |(G[Xo], vi |
<QCZ (G Qdo_”l )" It — 5|24 (5.25)
E [(G[Xo), vi)m, |?
S90\t—s|2d*z I éd,O],U1>H2| : (5.26)
i=1 ¢

The equality follows from Parseval’s identity and Tonelli’s theorem. The inequality (5.25) uses
the preceding two cases, and (5.26) uses |t — s| < 1 and d; > d, on active coordinates. Inactive
coordinates contribute zero. The coefficient sum is finite by Assumption 3.2(ii).

Since 2d, > 1, [24, Proposition 4.1| now gives tightness in C([0, 1]; Hs). Its covering-number
condition holds on [0, 1] with exponent one; the increment moment has order two and time
exponent 2d,. The state space is complete and separable, and the interpolations have continuous
paths, so all its hypotheses are satisfied.

For completeness, the same increment estimate also gives a continuous version of the limiting
process. By the finite-dimensional convergence and the Portmanteau theorem,

G[X0]7vi>H2|2
2d; — 1

E
BIZp(t) — Zp(s)|2, < 9C) — s 3 2N

=1
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Hence [24, Theorem 1.1] supplies a continuous modification. Finally, tightness and the finite-
dimensional convergence, together with [23, Lemma 16.2|, yield

ST % 7, in C([0,1]; Hy),

where Zp denotes this continuous version. ]

5.4 Proof of Corollary 3.1

Proof. Recall the expansion Glz] = > ;o1 > e, CivH[r] ® v; from (2.3). We aim to apply
Theorem 3.1 after expanding G[z] with respect to a basis that is possibly different than (v;);
and in which every coordinate of G has a nonzero term of order g. We then verify the assumption
do Theorem 3.1. For every £ € L, denote by

oo

cp = E CjeV; € H,
Jj=1

the coefficient vector in (2.3). Since G has Hermite rank g, there exists £y € L, such that
ce, 7 0. To construct the required basis, choose (a;)i>1 € ¢? with a; > 0 for every i > 1 and

;a2 =1, and put u = Y, av;. By extending u and cg,/||ce, ||lm, to orthonormal bases, we
obtain a surjective linear isometry U of Hy satisfying Uu = cg,/||ce,||m,- Let w; = Uv;, and
denote by ¢; ¢ the Hermite coefficients in the orthonormal basis (w;);>1. For every ¢ > 1 and
£ € L, we have

o0

Cie = (cowim, = Y _ cie(vy, wim,,  Cigy = llceg | (U, Uvi)m, = [leg llm,ai > 0,

j=1
o o0
D [Gel? = lleelif, = Y lejel,
i—1 j=1

where the representation of ¢; ¢, uses the isometry of U, and the last line follows from Parseval’s
identity. In this basis,

G = 3 (G wmy s = 3 (2 e pm) W= 33 X

=1 i=1 \LeLl i=1 LeL

(5.27)

with convergence in L?(€2;Hs). Thus the output basis and coefficients are replaced by w; and
i, respectively. Moreover, the coefficient norm identity above shows that a multi-index is
active in the new basis if and only if it is active in the original basis. Consequently, the active
input coordinates are unchanged, and Assumption 3.1 remains valid.

To verify Assumption 3.2 in the basis (w;), denote by d;, D;, and D the corresponding
dominant exponents, dominant sets, and operator, respectively, as defined in (3.4) and (3.7).
By Assumption 3.3(ii), all input coordinates in the support of an active index of order ¢ have
exponent . Hence, for every £ € £, with cg # 0,

BO) =Y 4(l—a)=(1-ael=q(l—a), HE)=1-7(1-a)=He (1/2,1),
J

and K p = K, by (4.2). Moreover, Assumption 3.3(iii) gives H(£) < H for every active higher-
order index. Since ¢; g, > 0 for every ¢ > 1, the dominant exponent in each output coordinate is
attained at £9. Consequently,

di=H, Di={€Ly:Ce#0}, D=HIy,
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which verifies Assumption 3.2(i). Furthermore, Parseval’s identity and Assumption 3.3(i) yield

2. E (G[Xo)], w;)m, |?
S K2511MH - S Y

i=1 1=1 £l

HG[XOH|H2
1 o0

ZGE

which verifies Assumption 3.2(ii).
Since D = HlIy, and inf;d; = H > 1/2, Theorem 3.1, applied in the basis (w;);, gives
both finite-dimensional convergence and weak convergence of the continuous interpolations with

T, = n~HIy,. Denote by Z the resulting limit. It remains to identify Z with Zy @ for every
s €]0,1], (4.8) and the kernel identity above give
oo
Z Z G ng I,(JeKo)w; = Z /-{e/2l (JeKy) (Zaguh)
i=1LeLy Lely =1
oo
= > K1 (JK,) (Z@,wi)mw) =Y KL (JeK)c
= i1 =
o
= Z K21, (oK) ch,gvj Z Z ik I(JoKs)v; = 7\ )( ),
LeL, j=1 j=14£cL,

where we used (5.27). This identification yields (3.10) and weak convergence in C([0, 1]; Hs) to

a continuous version of Z}g). O

6 Additional results and their proofs

The following lemma provides a spectral comparison for Hermite partial sums.

Lemma 6.1. Suppose Assumptions 3.1(ii)—(iv). There exists a constant C > 1, depending only
on M, k. and sup; o, such that, for every £ € L, p > 1, supported on active coordinates, and
all integers m,r > 1,

ar (i He[Xt]) < goPhT Z (m —|h|)(1+ |h])~ fa- Ukq) (6.1)
t=1 |h|<m
where k = k(£).

Proof. By Assumption 3.1(iii), we have fj(w) < gj(w) = Mkj|lw|~% for every active coordinate
j. For u € LY([~=,7]), write

(h) = / " ey () duw.

—T

We first note that, uniformly over active coordinates,

G < CA+ )0, |FmI<1,  heZ (6.2)

Indeed, direct integration gives g;(0) = 2Mr;jm' =% /(1 — «j). For h # 0, evenness and a change

of variables give
m|h|
o,
/ u~ Y cosudu
0
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The last inequality follows by splitting the integral at 1 and integrating by parts on [1,7|h/].
The bounds x; < kx from Assumption 3.1(iv) and sup; a; < 1 from Assumption 3.1(iii) yield

the first estimate in (6.2). The second follows from ["_ fi(w)dw = 1.

Put ¢ = p Ar and define D,,(y) = > /2, €. Expanding the variance and substituting the
Fourier representations yields

m p
Var (Z Hg[Xt]> = E!/[ } | D (w1 + -+ + wp)? H freo (wa) dw
t=1 —mml? a=1

q p
<8 /[ P+ T ) T o) o
_71—771—? a=1

a=q+1

<o 3 m— ) [T el T 1Fe )l
a=1

|h|<m a=q+1

The first inequality follows from the nonnegativity of the integrand. For the second, we expand
|Dp|?, integrate each frequency separately, and take absolute values; there are m — |h| pairs of
time indices with difference h. All interchanges involve finite sums and integrable functions, and
empty products are understood to equal one. Applying (6.2) proves (6.1). O

The following lemma employs the bounds of the previous lemma to express the variance of
the Hermite partial sums in terms of 5 = (€) from (3.3).

Lemma 6.2. Suppose Assumptions 3.1(ii)—(iv). There exists a constant C > 1, depending only
on M, k. and sup; o, such that, for every € € L, p > 1, supported on active coordinates, and
every integer m > 1,

m (14+2/1-8)m* P, 0<p<1,
Var (Z Hg[Xt]> < LICP ¢ m(1 + 2logm), g=1, (6.3)
= (1+2/(B=D)m,  B>1,

where = [(€). Moreover, for every d € (1/2,1) satisfying H(£) < d,

ik Ce!
Var <Z Hg[Xt]) <o m2, (6.4)
t=1

Proof. Under Assumptions 3.1(ii)—(iv), let Cy > 1 be the constant in Lemma 6.1. Fix £ € L,
supported on active coordinates, and write k = k(£) and § = 3(€). Applying that lemma with
r = p gives the lag-sum estimate used in [12, proof of Lemma 3.1]:

m m—1
Var (Z_; He[Xﬂ) < LCfm (1 +2) (1+ h)ﬁ>

h=1

< LChm <1 + 2/ P dm) . (6.5)
1

The first inequality separates the zero lag and uses m —h < m. The second follows because =~
is decreasing. Evaluating the integral gives the three cases in (6.3), with Cj in place of C'; for
0< B <1, we also use m < m?>7P.

For uniformity in the chaos order, we use fixed-order domination as in [3, equation (37)].
Put ¢ =1 —sup; a; > 0 by Assumption 3.1(iii), and choose an integer ry depending only on &

21



such that rge > 1. For p > rg, Lemma 6.1 with r = ry gives

" (i He[Xt]) < 8Gy°m (1 +2 i(l + h)‘?"oe)
t=1

h=1

< LC'm <1 + ) = C1lm. (6.6)

7“08—1

Here we used >/ (1 — ag,) > roe and the integral comparison on [1,00). The constant C;
depends only on M, k. and sup; ;.

Finally, let d € (1/2,1) satisfy H(€) < d. For p < rg, we have § =2 — 2H(£) > 2 — 2d, so
the first bound in (6.5) yields

< m
Var (ZHe[Xt]> < 1Cpm <1+2 [ dx>
t=1 1

m2d-1 — 1) - 3060£!m2d.

—0CTm (142
£00m<+ 20— 1 ) = 2d—1

We used C) < Ci° and 0 < 2d — 1 < 1. For p > rg, (6.6) gives

= C1 2!
Var (Z Hg[Xt]> < Cilm < 2d1— 1m2d.
t=1

Choosing C' = max{Cy, C1,3C;"} proves both (6.3) and (6.4). O
The following lemma provides a uniform bound for the projection remainder.

Lemma 6.3. Suppose Assumptions 3.1(ii)-(iv) and H(€) < d; for every i > 1 and £ € Q.
Then there is a constant C' > 0, such that, for all n,N > 1,

[ns] 2

_ £ C; 2
s%p”E n Py (Go-ax| <c Y 2;. f'l. (6.7)
se|0, _ . ) 7
. SRy Y )

Proof. For L > N and 0 < m <n, Lemma 2.1, gives

m 2
_ L N
E|n 23 (65 - a97)xy
t=1 Ho
9 _od, S £lc; f)?
= Z |cie|“n "% Var ZHZ[Xt] <C Z ¥ = T
(i£)eFL(Q\Fn(Q) t=1 i>1, £€Q; T
(1,0)¢Fn(Q)

For the inequality, apply (6.4) under Assumptions 3.1(ii)—(iv) with d = d; and use (m/n)?% < 1;
the case m = 0 is immediate. For fixed n and m, stationarity, boundedness of n= and the
triangle inequality imply that the corresponding partial sums converge in L%(; Hy) as L — oo,
since G(QL) — Gg in L?(Hy,7q;Hs). Passing to the limit in the displayed estimate and taking
the supremum over m = |[ns|, s € [0, 1], proves (6.7). O
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7 Applications

7.1 Nonlinear transformations of a functional FARIMA process

Fractionally integrated autoregressive moving average (FARIMA) models are a popular class
that exhibit long-range dependence. The scalar construction goes back to [20,21]. Functional
FARIMA models were introduced in [31]. In this section, we apply Corollary 3.1 to nonlinear
transformations of a functional FARIMA process. These nonlinear transformations may include
Sample moment operators, sample eigenvalues or neural operators; see, for instance Section 7
in [17] for examples.

Let ® and © be polynomials with real coefficients, ®(0) = ©(0) = 1, and no zeros in
{z : |z| £ 1}. Fixd € (0,1/2) and set o = 2d. With respect to the basis {¢x}r>1 of H; used
above, let {e; : t € Z} be independent centered Gaussian random variables with covariance
operator X.¢r = Vi@, where

v, >0 forevery k> 1, Zl/k<oo.

We consider the stationary causal solution of
®(B)(1 - B)'X;, =0O(B)e;, tei, (7.1)

where B denotes the backward-shift operator and the fractional difference is defined by its
binomial series.
To identify the spectral quantities in Assumption 3.1, define

110 —iwy |2 )
9a(@) = = | e, <l <
27 | P(e=w)
) (7.2)
v—/ﬂ (w) dw K= L |9
47 _ng ’ ~ 2mug | ®(1)

We verify below that 0 < vy < co. The covariance eigenvalues are A\ = vgvk, and the stan-
dardized coordinate processes {Wy, (X;) : t € Z}, defined in (2.1), are independent copies of a
scalar Gaussian FARIMA process with variance one. For a function G € L?(Hj,yq; Ha), recall
its Hermite coefficients, rank ¢, and chaos projections G, from (2.3)—(2.4).

Proposition 7.1. Let {X; : t € Z} satisfy (7.1), and let G € L*(Hy,vg; Ha) be centered and
nonzero. Suppose that q(1 —a) < 1, and let H be as in (3.6). Then the interpolated partial-sum
process Sy, in (3.8), with T, = n~H Iy, , satisfies

Sp L 2P inC([0,1;Hy),  n— oo,

where Zg]) is given in (4.10) with Ky = K for every k > 1. The process Sy, in (3.8) converges to
the same limit in finite-dimensional distributions in Hs.

Proof. We obtain the convergence by means of Corollary 3.1. We need to verify Assumptions
3.1 and 3.3. The root conditions on ® and © imply that ‘@(e‘iw)/<1>(e_iw)|2 is bounded above
and away from zero on [—m, 7]. Moreover,

2 .
Sl <li—e <], fwl<m
T

Consequently, vy in (7.2) satisfies 0 < vy < 00, since 2d = « € (0,1).
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Since ® has no zeros in the closed unit disc, the rational function ©/® is analytic on a
neighborhood of that disc and bounded there. The binomial series defining (1 — z)~% converges
for |z] < 1. Hence the transfer function

A(z) = gég (1-2)%= jz(:)ajzj, |z| <1,

is analytic on the open unit disc, with real coefficients a;.
Since 0 < d < 1/2 and ® has no zeros in the closed unit disc, the scalar FARIMA represen-
tation implies that (a;);>0 is square summable and that

—ij O(e™™) —iwy—d i 72
—ijw o w o .
jE_O aje ) (1—e) in L*(—m,m);

see Section 2.4.2 in [42]. Consequently, Parseval’s identity gives

> 1
2% =5,

J=0

2
11— e ™72 du = vy < co.

™

O(e~™)
x| Ple™™)

Since the innovations are independent and centered, the series X; = ) j>0 Qj€t—j converges

in L2(2; Hy), because
EE Hajst,jH[th = ’L)dZI/k < 0.
>0 k>1

It defines a centered stationary Gaussian solution of (7.1), with

Fw = ga(w)Xe, Q = v, Jr(w) = vrga(w). (7.3)

In particular, Ay = vgiy for every k > 1. Since X, is trace-class, %, is trace-class for almost

every w € [—m,m], and
s
/ Tr(#,) dw = UdZVk < 00.
- k>1

This verifies Assumption 3.1(i). Furthermore, the spectral density and autocovariance operators
are diagonal in the basis {¢y}r>1. Their spectral densities fj are nonnegative and even, where
evenness follows from the real coefficients of ® and ©. Thus Assumption 3.1(ii) also holds.

For Assumption 3.1(iii), take oy, = v, Kk = K, and

2 a
r
O<r<m, k>1.
<2 Sin(i /2)> ) < - ’ -

Then (3.2) follows from (7.2) and (7.3). The functions Lj are nonnegative, identical for all k,
and extend continuously to [0, 7], with value one at zero. Consequently, Li(r) — 1 as r | 0,
and there exists a finite constant M such that Ly (r) < M for every k > 1 and 0 < r < 7. This
verifies Assumption 3.1(iii).

To verify Assumption 3.1(iv), note that

O(e~")®(1)

Lu(r) =

felw)  vkgaw) _ ga(w)

L k>
Ak VkVd OF

Thus all coordinates have the same standardized spectral density and, in particular, the same
spectral scale ki = k. Consequently,

o(1) 2

Ry = K = L
o o(1)

27y

)
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where finiteness follows from vg > 0 and ®(1) # 0. This completes the verification of Assump-
tion 3.1.

We now turn to Assumption 3.3. Square integrability of G and its Hermite rank ¢ are part
of the hypotheses. Hence Assumption 3.3(i) is satisfied.

For Assumption 3.3(ii), recall that «; = a for every input coordinate j > 1. In particular,
whenever ¢; ¢ # 0 with £ € L;, we have a; = o for every j € supp£. Moreover, the assumed
condition ¢(1 — ) < 1 is equivalent to & > 1 — 1/¢g. Thus Assumption 3.3(ii) holds.

Finally, by (3.3), for every £ € £, with p > g,

H(E)zl—g(l—a)<1—g(1—a):H,

where the strict inequality follows from « < 1. This verifies Assumption 3.3(iii). The conclusion
now follows from Corollary 3.1. O

For Hilbert-valued linear processes, [11, 14| establish functional central limit theorems with
Gaussian limits and operator normalizations. Their results concern partial sums of the linear
process itself and allow innovations that need not be Gaussian. In the present FARIMA set-
ting, taking G[z] = x gives ¢ = 1 and H = 1/2 + d, consistent with the scalar normalization
in this linear limit theory. For general nonlinear transformations, the normalization depends
additionally on the Hermite rank, as specified in (3.6).

A related functional FARIMA construction is given in [31, Section 4], where scalar frac-
tional integration is applied to a functional ARMA process. Their Theorem 1 and Corollary 1
establish Gaussian limits for temporal sums of curve time series through a decomposition into
finite-dimensional long-memory subspaces. In particular, their FARIMA application imposes a
finite-rank condition on the covariance governing the dominant component. In our application,
infinitely many input coordinates may share the same memory exponent, and we consider the
partial-sum process of a nonlinear transformation with values in Hs.

The input process considered here also belongs to the operator-valued FIARMA framework
of [18]. Indeed, we obtain (7.1) by taking their fractional integration operator to be dly,, their
autoregressive and moving-average polynomials to be ®(z)Iy, and ©(z)Iy,, respectively, and
their innovations to be Gaussian. Their framework permits more general operator coeflicients
and provides existence results for normal memory operators, together with prediction and esti-
mation theory. Our proposition establishes a nonlinear functional limit theorem for the Gaussian
subclass specified above.

Hilbert-valued nonlinear noncentral limit theorems have also been obtained for scalar Gaus-
sian inputs. In [4, Theorem 2.7 of version 3|, a scalar long-memory Gaussian sequence is trans-
formed into an observation with values in a weighted L? space. Their reduction principle iden-
tifies the leading Hermite term and yields convergence of the normalized sum at time one. The
limit is a deterministic coefficient function multiplied by a scalar Hermite random variable and
therefore lies in a single deterministic output direction. Thus infinite-dimensional output is al-
ready covered by that result. In the present setting, the input may also be infinite-dimensional,
and mixed Hermite terms involving different input coordinates may survive in the limit. Con-
sequently, the limiting covariance need not have finite rank. Moreover, under our FARIMA
assumptions, we obtain convergence of the interpolated partial-sum process in C([0, 1]; Hy).

7.2 Excursion areas of spherical Gaussian fields

We return to the sojourn functionals that motivated this work and apply Theorem 3.1 to a
spherical Gaussian field sampled at integer times. We first identify the dominant Hermite indices
of the excursion area, then state the resulting noncentral limit theorem, and finally compare it
with the continuous-time results of Marinucci, Rossi and Vidotto [34].
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7.2.1 The spherical model and the excursion functional

We use the spherical random wave setting presented in [34]. Let {Y;,, : £ >0, |m| < ¢} be the
standard real orthonormal basis of H; = L?(S?, dx) consisting of spherical harmonics, where dz
is surface measure with total mass 47 and Yy = (47) "2 Let {Z(2,t) : z € S%, t € R} be a
jointly measurable, centered Gaussian field, stationary in time and isotropic in space, admitting
the representation

L
Z(xv t) = Z Z a@,m(t)n,m(x)7 E[a&m(t)aé’,m’(s)] = 1{@:6’,m:m’}C€<t - 3)7 (7'4)
{>0 m=—¢

with convergence in L?(Q x S?) for every t. Each multipole Zy(-,t) = Y, apm(t)Yem is a
random eigenfunction of the spherical Laplacian with eigenvalue —¢(¢+ 1), and we assume that
C¢(0) > 0 and

2041
S E 0 =1, (75)
>0

so that E Z(z,t)? = 1 by (7.4). Hence the sampled sequence X = Z(-, k), k € Z, is centered, sta-
tionary and Gaussian with values in Hy, and its covariance operator satisfies QY7 ., = Ce(0)Yem
and Tr(Q) = 4.

Throughout this section, suppose that {Xj}rez satisfies Assumption 3.1 in the spherical
harmonic basis. Index the input coordinates by J = {(¢,m) : £ > 0, |m| < £} through a fixed
enumeration, and write £(j) = ¢, Y; = Y, and A\; = Cy(0) for j = (¢,m). The standardized
coordinate processes &;(k) = agm(k)/+/Ce(0) are independent. Since their laws depend only on
¢, we write the parameters in Assumption 3.1 as a; = 1 — By(;y and r; = ky;). Thus g € (0,1)
is the memory parameter of the degree-£ coefficient processes, and ky > 0 is their standardized
spectral scale, so that, for j = (¢, m),

In particular, Sy = 1 — q,0) is the memory parameter of ag, the coefficient of the constant

spherical harmonic, determining the monopole Zy(z,t) = ap0(t)/v4m. Smaller values of S,
correspond to stronger memory. Define

B, =inf By, T ={0>1:8 =B}

>1

From Assumption 3.1, we have that inf;>o 8, = min{fy, s} > 0. Denote by e; the unit
multiplicity index at j € J.

Let ¢ and ® denote the standard Gaussian density and distribution function, respectively.
For v € R, define

Gl = [ Agwade.  Gulfl=Gulfl—4r(1-8(u),  f<H

For a Hermite multi-index r € £,, let j, = ({4, mq), 1 < a < p, list its input coordinates, with
each j € J appearing exactly r; times. Define the generalized Gaunt integrals

P
QZf:é;np - /52 H Y, ma () dz.
a=1

The following lemma identifies the Hermite expansion of G = G, : H; — R.

26



Lemma 7.1. For everyu € R and k € Z,

[ee] p
= Z Z Cu,rHr[Xk’]a Cur = 80( (H 1/2> Tl.@;npa (76>
p=1reLl, =1

for v € L, where the series converges in L*(Q) and H.[X] = [Ijer Hr;(&(K)).

Proof. From Lemma 4.1 of [34], we can write

i plu (u) Hy(Z (2, k) da

p=1 s
— p(u P (T

=) / >, (HCe (0)"/2Yz, m, (@ )) H,[ Xy da,
p=1 reLy

where the second line follows from decomposing Z(z, k) = =, Co)(0)1/2Y;(2)€;(k), the fact
that > Ci(7»(0)Y;(2)? = 1 by (7.5), and the multinomial Hermite formula. O

Recall from (3.3) that

r) =Y B, H(r)=1-38(r).
=1

Thus the active terms with the smallest §(r) have the largest effective exponent H(r) and
determine the normalization. To describe the possible dominant cubic terms, define

Co={reLs:tibotseT, G £0f.

We call u admissible if either (i) u # 0 and By < 20, (ii) v # 0 and Z* # @, (ili) u = 0
and Sy < 3B, or (iv) w = 0 and Z* contains an even integer. Under these four cases, the
smallest effective memory parameter is attained by an active Hermite term. The following
lemma identifies the corresponding exponents and dominant sets.

Lemma 7.2. In the setting above, let u be admissible. Then G, is centered, bounded and
nonzero, and satisfies Assumption 3.2. For u # 0, its exponent and dominant set are

{€0,0)} 8o < 284,
du =1- %min{ﬁoa 2/8*}; Du - {2e(f,m) : E € I*, ‘m| S E}, 2&* < 507 (77)
{eot U{2ewm) : £ €17, [m| <4}, fo= 2P

For uw =0, they are
{eon} Bo < 3B,
do =1— min{f,38:}, Do =< Cs, 36+ < fo, (7.8)
{€0,0} UCs, fo = 3ps.
Moreover, Cy # @ if and only if T* contains an even integer.

Proof. First, |G| < 47 and EG,[Xo] = 0. We identify the dominant terms by comparing
their effective exponents H(r) = 1 — (r)/2 in the different parameter regimes. We then
verify Assumption 3.2 and explain why the remaining chaoses are negligible under the resulting
normalization. By orthonormality,

G = VI Lem—00) Ity = No=ta, m=ma}
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implying that the only active first-order index is e(g o), and the only possible second-order indices
are 2€(y,,), with coefficients

up(u)Ce(0
C“ae(o,o) = (p(u) \/M? Cu,Qe([’m) = SO()QZ() (79)

The first coefficient is nonzero for every u, so G, is nonzero and has an active term with
effective exponent 1 — 3p/2. Moreover, any index 7 of order p > 2 involving the monopole
satisfies S(r) > Bo+ (p— 1) min{Bo, B+ } > Bo. Its effective exponent is therefore strictly smaller
than that of the linear monopole term, in every parameter regime.

We first consider u # 0. All the quadratic coefficients in (7.9) are nonzero. For ¢ > 1, we
have that H(2e(,,,)) =1 — B¢ < 1 — B, and equality holds when ¢ € Z*. Thus the competition
is between the monopole exponent 1— 3p/2 and the supremum 1 — f3, of the quadratic exponents
over positive degrees. If 8y < 208,, the monopole exponent is larger. If 26, < By, the quadratic
exponent is larger and attained on Z* # @. If By = 2, the monopole and all quadratic terms
with ¢ € 7% have the same effective exponent and must be retained together; if 7* = &, only
the monopole attains it.

To exclude higher chaoses, it remains to consider indices that do not involve the monopole.
For every such index of order p > 3, 5(r) > pBs« > 3B« > 204, meaning H(r) < 1 — B, < d,.
Together with the preceding bound for indices involving the monopole, this shows that no higher-
order term can the dominant exponent. The three comparisons above therefore give (7.7).

We now consider u = 0. Every even chaos vanishes because H,_1(0) = 0 for even p,
whereas the first-order coefficient remains nonzero. Since H2(0) = —1, a cubic coefficient is
nonzero exactly when Gy} # 0. For cubic indices not involving the monopole, H(r) =
1- %(5@1 + Bey + Bey) < 1— %ﬁ*, and equality holds precisely for the active indices in C,. To
determine when this set is nonempty, recall that Yy,,(—z) = (=1)*Y;,.(z). Hence a Gaunt
integral vanishes whenever the sum of its degrees is odd. In particular, C, = @ if every degree in
T* is odd. The converse is also true, since for every even degree £, the standard zonal harmonic
satisfies ggg}o > 0, so C, # & whenever Z* contains an even integer.

We therefore compare the monopole exponent 1 — 8y/2 with the cubic bound 1 — 38,/2. If
Bo < 304, the monopole dominates every cubic term. If 38, < [y, admissibility ensures that
C« # @, and precisely these cubic terms attain the larger exponent. If 5y = 303,, the monopole
and the terms in C, have equal effective exponents, with only the monopole retained when
C. = @. Every remaining active cubic index has a smaller effective exponent than dy. Finally,
for indices of odd order p > 5 not involving the monopole, S(r) > pB. > 58, > 35, so that
H(r) <1— 3B, < dp proving (7.8).

In both cases, the smallest effective memory parameter is positive and at most Sy < 1, so
1/2 < d, < 1. We can, then conclude that D, # &, and, moreover,

E|Gu[Xo]? - 1672
2d, — 1 = 2d, — 1

< 00,
so Assumption 3.2 is satisfied. O

7.2.2 The noncentral limit theorem

Before stating the result, we describe the limiting processes, whose values at s = 1 give the lim-
iting random variables for the normalized excursion sums. On the common spectral probability
space of Section 2.2, for r # 0 with 3(r) < 1 and s € [0, 1], set

Zr(s) = HT/2I|T'|(J1-KS,1')a /ir/Q = HHZJ/)2’
J
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where J,. and K, are defined in (2.7) and (4.2), respectively. Define

Bu(‘S) = SO(U’) 47TCO(0) Ze(oyo) (3)7

l
Ru(s) = U‘PQ(U) Z CK(O) Z ZQe(g,m)(S)v 284 < 1,

Lel* m=—/{
gm1m2m3
T(s) =—p(0) Y élw" (H C, (0 1/2> r(s), 3B« <1,
reCy

with the convention that, the sum over an empty set vanishes. These series converge in L?(Q)
for every s, by the labelled isometry (2.8), the uniform kernel bound (5.1), and Y. r!|cy |2 =
E|G.[X0]|? < oo.

The process B, is a multiple of a fractional Brownian motion with Hurst index 1 — (y/2;
the process R, is a weighted sum of independent Rosenblatt processes with Hurst index 1 — f,,
which follows from their first- and second-order spectral kernels, respectively; If C, # @, then
T is a nonzero process in the third Wiener chaos Moreover, B, depends only on W g ), whereas
R, and T depend only on {W(gym) : 4 eI |m| < /{}, so that B, is independent of the latter
processes.

For an admissible threshold, define

BU7 50 < 25*7 BO? /80 < 36*7
Eu = Ru, 28 < Bo,u#0,  Eo=1T, 36+ < Do, (7.10)
BU+RU7 50:25*3 BO+Ta 50 :35*

The conditions for defining R, and 7 hold whenever these processes occur in (7.10), since 5y < 1.
In the equality cases, the two components are independent; the limit is non-Gaussian whenever
the higher-order component is nonzero.

Theorem 7.1. Let Xy = Z(-,k) be the spherical Gaussian sequence above, satisfying As-
sumption 5.1 in the spherical harmonic basis. Let uy,...,u, be admissible thresholds, and set
G = (Guy,-..,Gy,) and D = diag(dy,,...,dy,), with the exponents of Lemma 7.2. Then, as
n — oo,

[ns)

n~P ’; GIXu] 2% (E4,(5), ... Eu, (5)).

Proof. By Lemma 7.2, each coordinate satisfies item (i) of Assumption 3.2, and
. _
E |Gy, [Xo]|?
27| ui [ Xo]| < 00, min alm>2

, 2d,. — 1 1<i<r
i=1 g

Theorem 3.1 therefore yields both conclusions. Its ¢th limit coordinate is Z%Dw Cu; rZr, Which
equals &, by (7.6) and the dominant sets in Lemma 7.2. O

We now present a couple of remarks regarding our theorem

Remark 7.1. If u # 0, 28, < [y and Z* = @, the supremum defining d,, is not attained, so our
main theorem does not apply. For u = 0 outside the admissible regimes, the active indices must
be determined from (7.6). Whenever min,, o 8(r) is attained, the main theorem applies with
do equal to one minus half this minimum.

The next remark compares our result with that of [34].
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Remark 7.2. We now compare our result with those of [34], first at the level of conclusions
and then in terms of the assumptions on the process {X}.

In the notation of [34], A,(t) = Gu[Z(-,t)], and their asymptotic results concern the
continuous-time integral

T T
M (u) = /0 (Au(t) — B A, (1)) dt = /0 GulZ( 1) dt.
Their limits are stated after variance normalization, whereas our normalization uses powers n =%
Their Theorems 2.2 and 2.7 establish convergence to Gaussian and composite Rosenblatt random
variables, respectively, with the distributional conclusion of Theorem 2.7 assuming finitely many
dominant multipoles. Their Theorem 2.9 establishes a reduction to the third-chaos component
for u = 0, but does not establish its limiting distribution; see Remark 2.10 therein.

Our Theorem 7.1 concerns sampled partial-sum processes and provides discrete-time coun-
terparts of these long-memory results. Passing from sampled sums to continuous-time integrals
would require a separate approximation argument, which we do not provide here. Within the
corresponding long-memory regimes, our theorem provides the following additional conclusions:
(i) we identify the third-chaos process T explicitly and prove convergence to it; (ii) we do not
require finiteness of Z* or C,; (iii) we obtain joint finite-dimensional convergence at finitely many
thresholds ug, ..., u,, allowing different normalization exponents; and (iv) we treat the equality
cases By = 20, and [y = 30, discussed in Remark 2.11 of [34].

The assumptions in [34] are formulated in the time domain and are therefore not immediately
comparable to our spectral Assumption 3.1. One difference is that our assumption requires every
retained multipole to have long memory, so the short-memory and critical logarithmic regimes
considered in [34] are not covered by our theorem.

Nevertheless, Remark 3.3 allows us to verify Assumption 3.1 for a subclass of their covariance
family. Within the setting presented in Condition 1.3 [34], suppose that

Co(7) = Ge(r)(1+|7[)™%, 0 <inf By <supfy <1,
>0 >0

where Cy(0) > 0, and additionally assume that supysq Y ,—; ‘% - 1’ < 00. These condi-
tions are stronger than Condition 1.3 [34] since sup, 5y < 1 and (ii) they require the absolute

summability of ‘gﬁ Eg)) — 1‘. Under these conditions, the conditions of Remark 3.3 hold, and so

Assumption 3.1 follows. We stress that these additional conditions are sufficient, rather than
necessary, for our spectral assumption.
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