
A Dobrushin–Major–Taqqu Theorem for Hilbert Space-Valued
Random Variables

Marie-Christine Düker
Technical University of Munich

María Dolores Ruiz-Medina
University of Granada

Pavlos Zoubouloglou
University of Münster

November 11, 2026

Abstract
Let {Xt : t ∈ Z} be a stationary Gaussian process taking values in a separable Hilbert

space H1, with long-range dependence defined in the spectral domain through a memory
operator A : H1 → H1. For square integrable, nonlinear operators G : H1 → H2, taking val-
ues in another separable Hilbert space H2, we establish a non-central limit theorem for the
centered partial sums process of {G[Xn]}n, whenever G[Xn] inherits the long-range depen-
dence behavior from its Gaussian input process. We identify an operator normalization that
accounts for both the underlying memory structure, characterized by the memory operator
A, and the nonlinear transformation G. The limiting Hilbert space valued process is, in gen-
eral, non Gaussian and can be expressed as multiple Wiener integrals involving only finitely
many Wiener chaos orders along fixed directions in H2. The proof introduces a Hilbert-
space valued generalization of the reduction principle, identifying the dominant Hermite
components and showing that the remainder is negligible under our operator normalization.
We employ our results to prove non-central limit theorems for nonlinear transformations of
functional FARIMA processes, and sojourn functionals of temporally dependent spherical
Gaussian fields.

1 Introduction

Let {Xt : t ∈ Z} be a centered stationary Gaussian sequence with values in a separable Hilbert
space H1 and G : H1 → H2 a measurable map, with H2 another separable Hilbert space. Define
the partial-sum process

Sn(s) = Tn

⌊ns⌋∑
t=1

(G[Xt]− EG[Xt]) , s ∈ [0, 1], (1.1)

where {Tn}n is a suitable sequence of scaling operators. This work aims to understand the weak
limit of {Sn}n in (1.1) when the process {G[Xn]}n exhibits long-range dependence.

The complementary regime, in which {G[Xn]}n exhibits short-range dependence, is custom-
arily referred to as the Breuer–Major setting, in recognition of the seminal work [7] in the case
H1 = H2 = R; see also [19]. In this case, the process (1.1) falls within the Gaussian universality
class, with the usual scaling Tn = n−1/2IH2 . More recently, a line of work based on Malliavin
calculus and Stein’s method has provided new proofs and extensions of such central limit the-
orems, e.g., [9, 38, 39]. Using the Malliavin–Stein framework in infinite-dimensional spaces [15],
two of the present authors recently established the first extension of the Breuer–Major theorem
to the fully Hilbert-space setting considered here [17].

In the long-range dependent regime, the limit of (1.1) is generally non-Gaussian and such
weak convergence results are referred to as non-central limit theorems. In the scalar case H1 =
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H2 = R, the corresponding non-central limit theorems are due to Dobrushin and Major [13] and
Taqqu [45,46], whose work motivates the title of the present article. In this case, the scaling Tn
depends, in general, on the dependence properties of {G(Xk)}, and the partial sums {Sn} fall
under the universality classes of the so-called Hermite processes. The cases H1 = Rd,H2 = R
and H1 = R,H2 = Rd were later studied in [1, 44] and [2], respectively. This topic continues to
receive attention; see, for instance, [32] for the case H1 = Rd,H2 = R, with a latent Gaussian
random field {Xk}k∈Zr indexed by the lattice Zr. Finally, Theorem 2.7 of [4] studies the case
H1 = R,H2 = L2(R, w(t)dt), where w is a suitable weight function, and Tn is a scalar multiple
of the identity times a slowly varying function, with the scalar normalization determined by the
leading term. Their result can be recovered as a special case of ours, modulo the presence of the
slowly varying function, giving rise to a substantially simpler limiting process.

We establish a non-central limit theorem allowing both the input and output spaces to be
possibly infinite-dimensional, general Hilbert spaces. Under spectral assumptions on {Xk} (cf.
Assumption 3.1) and mild assumptions on the map G (cf. Assumptions 3.2), we determine the
limit of (1.1), with {Tn}n a suitable sequence of scaling operators. In this setting, different
projections in H2 may require different normalizations, and different Wiener chaos orders may
contribute to the limit, even within a single direction. We identify the operator normalization
Tn = n−D through the effective memory exponents of the active Hermite terms and represent
the limiting process by a series of Hilbert-valued multiple Wiener integrals.

Our motivation for this problem stems from the asymptotic analysis of sojourn measures
of Gaussian random fields exhibiting long-range dependence. To be more precise, consider a
Gaussian random field Z = {Z(x, t) : x ∈ D, t ∈ T }, where D is a spatial domain such as
[0, T ]d or the sphere S2 [35], T is a time index set such as R or Z, and {Z(·, t)}t∈T is stationary
and exhibits long-range dependence. Viewing Z(·, t) as an L2(D)-valued random element, set
H1 = L2(D) and H2 = R. For a measurable domain D ⊆ D of finite measure, the centered
sojourn functional above u is, for k ∈ T ,

SkD(u) = Gu[Z(·, k)]− EGu[Z(·, 0)], Gu[f ] =

∫
D
1{f(x)≥u} dx = |{x ∈ D : f(x) ≥ u}| .

where | · | denotes Lebesgue or surface measure, as appropriate. The associated asymptotic
problem concerns the normalization and limiting distribution of centered sojourn measures as
the observation domain expands. For a time-indexed spatial field, this also leads to the study
of temporal sums of Gu[Z(·, t)]− EGu[Z(·, 0)].

These questions have been investigated under both short- and long-range dependence; see,
for example, [8, 22, 25, 26, 33, 35]. A central tool in this literature is the reduction principle,
which identifies the chaos components governing the asymptotic fluctuations through Hermite
or Laguerre expansions. Classical results [13, 29, 30, 45, 46] establish this approach for long-
range dependent Gaussian and chi-squared subordinated fields. In the spatiotemporal setting,
Leonenko and Ruiz–Medina [27, 28] apply reduction principles to obtain central limit theorems
under increasing-domain asymptotics in time and/or space. Marinucci, Rossi and Vidotto [34]
derive central and non-central limit theorems for sojourn measures of stationary and spatially
isotropic Gaussian fields on the sphere under increasing-time asymptotics, showing how tem-
poral dependence and the excursion threshold determine the normalization and limiting law.
Their spherical-harmonic formulation makes the role of the angular spectrum explicit. Exten-
sions to chi-squared subordinated fields, using tensor products of Hermite polynomial bases, are
developed in [10]. See Section ref 7.2 for the application of our result to such a setting.

Although we are the first to treat the partial sums of subordinated Gaussian sequences (1.1)
at this level of generality, several works establish limit theorems for stationary Hilbert-valued
sequences. The theory is more developed for linear series [6, 36, 37], and a few works also study
limit theorems for long-range dependent linear series in Hilbert spaces [11,14,16]. In particular,
the last of these is the first work we are aware of to construct a non-Gaussian Hermite process
taking values in an infinite-dimensional Hilbert space.
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Our main result, Theorem 3.1, establishes a non-central limit theorem under spectral as-
sumptions, with the anticipated operator normalization n−D on H2. A key assumption is that
a single orthonormal basis of H1, denoted by {ϕi}i∈N, simultaneously diagonalizes all covari-
ance and spectral density operators. Moreover, we assume a semiparametric characterization of
the spectral densities in this basis, such that each coordinate exhibits long-range dependence,
with uniform control of the associated memory parameters and slowly varying functions; see
Assumption 3.1. Our assumptions on the functional time series {Xk}k are satisfied by Gaus-
sian functional FARIMA models, including models with a common memory parameter [31] and
models with coordinate-dependent memory parameters [18,43], under suitable summability and
uniform spectral bounds. The simultaneous diagonalization condition also holds for fields in sta-
tistical physics whose spatial domain is a connected and compact two-point homogeneous space,
provided that the covariance and spectral density operators are invariant under the isometry
group of the manifold; see, for example, [40].

The proof relies on a Wiener–Itô chaos decomposition for Hilbert-valued random variables
(see, for instance, Sections 2 and 4 of [17]) and is split into two parts. First, we prove a
reduction principle (cf. Proposition 5.2). In each basis direction vi of H2, the fluctuations are
governed by the leading terms, which share an effective memory exponent determined by their
Hermite multi-indices and the memory parameters of the underlying Gaussian sequence. For the
proof of the reduction principle, we use finite Hermite projections and uniform bounds on the
projection remainders. Second, we prove that the kernels of the leading terms converge to the
corresponding kernels of the limiting process (4.9) (cf. Proposition 5.1). Each individual term
in this representation belongs to a fixed Wiener chaos. We establish the kernel convergence for
each fixed Hermite multi-index and extended to the full expansion by dominated convergence.
Moreover, the limiting process need not belong to a single Wiener chaos, since different chaos
orders may survive within a single direction of H2, as well as across different directions.

The paper is organized as follows. Section 2 introduces the spectral setting and some prelim-
inaries for Hilbert-valued random variables. In Section 3, we state and discuss our assumptions
and present the main operator-normalized theorem. Section 4 constructs the limiting process
appearing in our theorem. Section 5 contains the kernel convergence result and the reduction
principle, together with their proofs and the proof of the main theorem. Finally, Section 7 gives
two applications of our result.

2 Preliminaries

In this section we present some preliminary facts about random variables taking values in Hilbert
spaces, as well as their Hermite and Wiener chaos expansions.

2.1 Random variables on Hilbert spaces

Let H be a real separable Hilbert space with the inner product ⟨·, ·⟩H , and denote by H̃ = H+iH,
its complex version, whose elements are functions of the form ψ = ψ1 + iψ2 for ψi ∈ H, i = 1, 2,
equipped with the inner product given by〈

ψ1 + iψ2, ψ̃1 + iψ̃2

〉
H̃
=
〈
ψ1, ψ̃1

〉
H
+
〈
ψ2, ψ̃2

〉
H
+ i
(〈
ψ2, ψ̃1

〉
H
−
〈
ψ1, ψ̃2

〉
H

)
.

We denote by (Ω,F , P ) the underlying probability space, and by L2(Ω,F , P : H) the space
of square integrable random variables taking values in H, where H may denote a real or complex
Hilbert space. For compact operators on H (where again H may be real or complexified), fix
a basis {ϕi}i of H; let S1(H), S2(H), and L(H̃) denote the trace-class, Hilbert–Schmidt, and
operator norm classes, respectively. For an operator A with adjoint A⋆ the corresponding norms
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are given by

∥A∥S1(H) =
∑
k≥1

〈
[A⋆A]1/2 (ψk), ψk

〉
H
,

∥A∥S2(H) =
√

∥A⋆A∥S1(H), ∥A∥L(H) = sup
ψ∈H; ∥ψ∥H=1

∥A(ψ)∥H,

Recall that {Xk : k ∈ Z} denotes a centered, stationary, Gaussian, and H1-valued random
variables, with covariance operator Q, and denote the law of X0 by γQ. Its autocovariance
operators are

Γ(v) = E[Xv ⊗X0], Γ(v)h = E
[
⟨X0, h⟩H1Xv

]
, v ∈ Z,

such thay Q = Γ(0). From the spectral theorem, there is a basis {ϕr}r of H1 such that Qϕr =
λrϕr for all r ≥ 1, where

∑
r≥1 λr = Tr(Q). Without loss of generality, we can assume that Q

is nondegenerate (meaning ⟨Qh, h⟩H1 > 0 for all h ̸= 0) by excluding the coordinates ϕr with
λr = 0 from H1.

Following [41] and [43], we define by Fω the spectral density of the Hilbert-space valued pro-
cess {Xk}k. Assume that Fω is a strongly measurable positive self-adjoint trace-class operator
for almost every ω ∈ [−π, π]. Under Assumption 3.1 below, the autocovariance operators are
given by

Γ(t) =

∫ π

−π
eitωFω dω, t ∈ Z,

where these integrals are understood in the Bochner sense and imply that Γ(0) ∈ S1(H1),
E ∥X0∥2H1

<∞, and that

∥Γ(t)∥S1(H1) ≤
∫ π

−π
Tr(Fω) dω.

Moreover, the Banach-valued Riemann–Lebesgue lemma gives ∥Γ(t)∥S1(H1) → 0 as |t| → ∞.
Under Assumption 3.1, there is a common basis {ϕk} diagonalizing the spectral operator family
{Fω}ω∈[−π,π] for almost all ω ∈ [−π, π], admitting the family of eigenvalues {fk(ω)}k∈N,ω∈[−π,π].
As a result of Assumptions 3.1(i)–(ii), the same basis diagonalizes {Γ(t)}t∈Z, the eigenvalues
{λr}r of Q are related to {fk(ω)}k∈N,ω∈[−π,π] by λr =

∫ π
−π fr(ω) dω, and we obtain

∑
k≥1

∫ π

−π
fk(ω) dω <∞.

Finally, we define the normalized spectral eigenvalues by

f̃r(ω) =
fr(ω)

λr
, ω ∈ [−π, π], so that

∫ π

−π
f̃r(ω) dω = 1,

2.2 The infinite-dimensional Hermite expansion

In this section, we collect some facts about the white noise and Hermite expansions for random
variables taking values in H1. We mostly use the exposition of [17].

Define the white-noise mapping by, for x, h ∈ H1,

Wh(x) =
∑
r≥1

λ−1/2
r ⟨x, ϕr⟩H1⟨h, ϕr⟩H1 , implying Wϕr(Xk) =

⟨Xk, ϕr⟩H1√
λr

. (2.1)

where the series converges in L2(H1, γQ).
Let G : H1 → H2 be centered and in L2(H1, γQ : H2), i.e., E ∥G[X0]∥2H2

< ∞. Denote with
{vi : i ≥ 1} an orthonormal basis of H2.
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The probabilists’ Hermite polynomials are defined by H0(z) = 1 and, for p ≥ 1, Hp(z) =

(−1)pez
2/2 dp

dzp e
−z2/2. For standard jointly Gaussian U, V , E[Hp(U)Hm(V )] = p!(E[UV ])pδpm.

Set

L .
=
{
ℓ = (ℓm)m≥1 ∈ N∞

0 : |ℓ| .=
∑
m≥1

ℓm <∞
}
, Lp

.
= {ℓ ∈ L : |ℓ| = p}, ℓ!

.
=
∏
m≥1

ℓm!,

M0
.
= 0, Mℓ

.
= max{m : ℓm ≥ 1} (ℓ ̸= 0).

(2.2)

The generalized Hermite polynomials and coefficients are

Hℓ[x]
.
=

Mℓ∏
m=1

Hℓm(Wϕm(x)), ℓ ∈ L,

with the empty product equal to one. Then, from Lemma 2.1 in [17], we have the Hermite
decomposition

G[x] =
∑
i≥1

∑
ℓ∈L

ci,ℓHℓ[x]⊗ vi, where ci,ℓ
.
=

1

ℓ!
⟨G,Hℓ ⊗ vi⟩L2(H1,γQ)⊗H2

(2.3)

where we have used the identification L2(H1, γQ : H2) ∼= L2(H1, γQ)⊗H2. The notationHℓ[x]⊗vi
is identified with usual multiplication Hℓ[x]vi.

Lemma 2.1. The family {(ℓ!)−1/2Hℓ⊗vi : ℓ ∈ L, i ≥ 1} is an orthonormal basis of L2(H1, γQ :
H2). In particular, (2.3) converges in that Hilbert space and E ∥G[X0]∥2H2

=
∑

i≥1

∑
ℓ∈L ℓ!|ci,ℓ|2.

For nonzero centered G, its Hermite rank and chaotic expansion are defined by

q = Rank(G)
.
= min{p ≥ 1 : ci,ℓ ̸= 0 for some i ≥ 1, ℓ ∈ Lp},

G =
∞∑
p=q

Gp, Gp[x]
.
=
∑
i≥1

∑
ℓ∈Lp

ci,ℓHℓ[x]⊗ vi, p ≥ q, (2.4)

and taking G0 = · · · = Gq−1 = 0, where Gp denotes the chaos projection. Moreover, by the
orthogonality of the Hermite polynomials we get the identities

E ∥G[X0]∥2H2
=

∞∑
p=q

∞∑
i=1

∑
ℓ∈Lp

ℓ! |ci,ℓ|2 <∞, E ∥Gq[X0]∥2H2
=

∞∑
i=1

∑
ℓ∈Lq

ℓ! |ci,ℓ|2 <∞.

2.3 Wiener chaos expansions on Hilbert spaces

Let Ŵ be a Hermitian Gaussian spectral measure on R × N, with control measure dx ⊗#, so
that its coordinate measures Ŵj are independent and Ŵj(−A) = Ŵj(A). Let H be the real
Hilbert space of complex-valued L2(dx ⊗ #) functions satisfying f(−x, j) = f(x, j), with the
real L2 inner product.

For p ≥ 1, let Ip denote the multiple Wiener–Itô integral of order p with respect to Ŵ . Equip
the symmetric tensor powers with the norm inherited from the full tensor power, keeping the
factorial explicitly in the isometry. For f ∈ H⊙p and g ∈ H⊙q, we then have

E[Ip(f)Iq(g)] =

{
p!⟨f, g⟩H⊗p , p = q,

0, p ̸= q.
(2.5)

We denote its Hilbert-valued counterpart by Ip = Ip ⊗ IdH2 .
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Since the standardized coordinate process {Wϕj (Xt)}t∈Z has spectral density f̃j , we may
work with a joint spectral realization such that

Wϕj (Xt) =

∫ π

−π
eitωf̃j(ω)

1/2Ŵj(dω) = I1(hj,t), hj,t(ω, t)
.
= eitωf̃j(ω)

1/21{[−π,π]}(ω)1{r=j}.

(2.6)
Let Symp denote the standard symmetrization operator from H⊗p onto H⊙p; see [39, Ap-

pendix B.3]. For ℓ ∈ Lp, let k1 ≤ · · · ≤ kp list the coordinate indices, with each j appearing
exactly ℓj times. For a square-integrable kernel f satisfying f(−x) = f(x), define

fℓ((x1, j1), . . . , (xp, jp)) = f(x1, . . . , xp)

p∏
a=1

1{ja=ka}, Jℓf = Symp fℓ. (2.7)

If f is invariant under permutations of positions carrying the same label, then

p!∥Jℓf∥2H⊗p = ℓ!∥f∥2L2(Rp). (2.8)

From (2.6), the labelled kernels satisfy ∥hj,t∥H = 1 and ⟨hj,t, hk,t⟩H = 0 for j ̸= k. Thus
Hℓj (Wϕj (Xt)) = Iℓj (h

⊗ℓj
j,t ), and all cross-coordinate contractions vanish in the product formula.

Expanding the resulting tensor product and applying Jℓ therefore yields

Hℓ[Xt] = Ip

(
Jℓ

[
eit

∑p
a=1 ωa

p∏
a=1

(
f̃ka(ωa)

1/21{|ωa|≤π}

)])
, (2.9)

where the spectral densities are extended by zero outside [−π, π].

3 Assumptions and Main results

In this section, we present our assumptions, main results, and a discussion on the assumptions.

3.1 Assumptions

We start with the central assumption of our work. We call an input coordinate j active if it
appears in a nonzero term of the Hermite expansion of G, i.e., there is a a multi-index ℓ and an
i such that ℓj > 0 and ci,ℓ ̸= 0.

We now state the spectral assumptions on the underlying process {Xk}k.

Assumption 3.1. Assume that the following hold for the spectral density operators {Fω}ω:

(i) For almost every ω ∈ [−π, π], Fω ∈ S1(H̃1) and
∫ π
−π Tr(Fω) dω <∞.

(ii) There is an orthonormal basis {ϕk : k ≥ 1} of H1 such that, for all k ≥ 1,

Fωϕk = fk(ω)ϕk, fk(ω) ≥ 0, fk(−ω) = fk(ω), (3.1)

for almost every ω ∈ [−π, π].

(iii) For every k ∈ N, there exist constants 0 < αk ≤ α < 1, κk > 0, and M ≥ 0, and a
measurable function Lk : (0, π] → [0,∞), such that

fk(ω) = λkκk|ω|−αkLk(|ω|), for a.e. 0 < |ω| ≤ π, (3.2)

where limr↓0 Lk(r) = 1 and supk Lk(r) ≤M a.e. 0 < r ≤ |π|.

6



(iv) Assume that the standardized spectral scales are uniformly bounded:

κ∗
.
= sup{κk : k is active} <∞.

We state now an important consequence of Assumption 3.1. Recall the memory parameters
{αj}j from Assumption 3.1(iii). For ℓ ∈ Lp, define

β(ℓ) =
∑
j

ℓj(1− αj), H(ℓ) = 1− 1
2β(ℓ). (3.3)

The quantity β(ℓ) combines the coordinate memory parameters with their Hermite multiplicities,
and we call H(ℓ) the effective exponent of the corresponding Hermite term. The effective expo-
nent corresponds to the scaling of our sums. We call the index H(ℓ) noncentral when H(ℓ) > 1/2
or, equivalently, β(ℓ) < 1. Denoting ε = 1− supj αj > 0, this implies that β(ℓ) ≥ ε

∑
j ℓj = pε,

hence p < ε−1. In other words, for each fixed ε, we can only obtain Hermite polynomials of
order up to p < ε−1.

Define the dominating index and sets respectively by

di = sup{H(ℓ) : ci,ℓ ̸= 0, H(ℓ) > 1/2},
Di = {ℓ ∈ L : ci,ℓ ̸= 0, H(ℓ) = di}, Ni = {ℓ ∈ L : ci,ℓ ̸= 0} \ Di,

(3.4)

giving rise to the dominating part of the Hermite expansion

GD[Xt] =

∞∑
i=1

∑
ℓ∈Di

ci,ℓHℓ[Xt]vi. (3.5)

Assumption 3.2. Fix a measurable, centered map G : H1 → H2 with coefficients as in (2.3)
and assume the following:

(i) For every nonzero output coordinate, assume that its set of active noncentral indices is
nonempty and that the supremum defining di in (3.4) is attained. For an identically zero
output coordinate, set di = 3/4 and Di = ∅.

(ii) The following is satisfied
∞∑
i=1

E |⟨G[X0], vi⟩H2 |2

2di − 1
<∞.

An important corollary of our main setting is the one where there is a common active
component. In this simplified setting, Assumption 3.2 will be replaced by the following, simplified
hypothesis.

Assumption 3.3. Suppose the following three assumptions hold:

(i) The map G ∈ L2(H1, γQ : H2) has hermite rank q.

(ii) There is α ∈ (0, 1) such that ci,ℓ ̸= 0 for ℓ ∈ Lq implies αj = α for all j ∈ supp ℓ, and
α > 1− 1

q .

(iii) All higher order chaoses scale slower than the leading chaos, i.e., if ci,ℓ ̸= 0 and |ℓ| > q,
then H(ℓ) < 1− q

2(1− α).

For the common α in Assumption 3.3, we define

H = 1− q

2
(1− α) ∈ (1/2, 1). (3.6)

Note that, if all active input coordinates, including those in higher chaoses, have the common
exponent α, then Assumption 3.3(iii) follows immediately from Assumption 3.3(ii), since 1 −
p(1− α)/2 < H for p > q.
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3.2 Main theorems

Recall the objects in (3.4). Define the bounded diagonal operator and its normalization by

Dvi = divi, n−Dvi = n−divi (3.7)

and the partial sums process and its continuous linear interpolation:

Sn(s) = Tn

⌊ns⌋∑
t=1

G[Xt], S̃n(s) = Sn(s) + (ns− ⌊ns⌋)TnG[X⌊ns⌋+1], (3.8)

where {Tn} is a suitable sequence of scaling operators. The random variable S̃n is an element
of C([0, 1];H2). The following is our main result, identifying the scaling limits for (3.8).

Theorem 3.1. Let {Xt : t ∈ Z} be a centered stationary Gaussian sequence with values in H1,
and let G ∈ L2(H1, γQ;H2) be centered and nonzero, where γQ denotes the law of X0. Suppose
that Assumptions 3.1 and 3.2 hold. Let D be the bounded diagonal operator in (3.7), and denote
by ZD the H2-valued process given in (4.8) below. Then, as n→ ∞,

n−D
⌊ns⌋∑
t=1

G[Xt]
f.d.d.−−−→ ZD(s) (3.9)

in H2, where f.d.d.−−−→ denotes convergence in finite dimensional distribution. If, in addition, d∗
.
=

infi: ⟨G,vi⟩H2
̸=0 di >

1
2 , then the process S̃n in (3.8) with Tn = n−D converge weakly in C([0, 1];H2)

to a continuous version of ZD.

The limit ZD in (3.9) may contain several Hermite orders. If all surviving terms have order
one, the limit is Gaussian.

We now consider the case where all input coordinates appearing in the leading chaos have a
common memory exponent, which is a corollary of Theorem 3.1.

Corollary 3.1. Let {Xt : t ∈ Z} be a centered stationary Gaussian sequence with values in H1,
and let G ∈ L2(H1, γQ;H2) be centered and nonzero, where γQ denotes the law of X0. Suppose
that Assumptions 3.1 and 3.3 hold. Let H and Z

(q)
H be given in (3.6) and (4.10), respectively.

Then, as n→ ∞,

n−H
⌊ns⌋∑
t=1

G[Xt]
f.d.d.−−−→ Z

(q)
H (s) (3.10)

in H2 and, moreover, the process S̃n in (3.8) with Tn = n−H converges weakly in C([0, 1];H2) to
a continuous version of Z(q)

H .

3.3 Discussion on the assumptions

Remark 3.1. As pointed out in the Introduction, an interesting example where the double
spectral diagonalization (3.1) holds is obtained when the spatial domain is a connected and
compact two point homogeneous space Md with topological dimension d. Invariance under the
group of isometries leads to diagonalization of the covariance and spectral density operator
families in the eigenfunctions of the Laplace–Beltrami operator on Md; see [40].

Remark 3.2. Replacing Assumption 3.1(iv) with the slightly stronger assumption supk κk <∞,
we obtain a particularly convenient equivalent formulation of Assumption 3.1(iii). We can recast
the spectral density operators as

Fω = Q1/2|ω|−ALωKQ1/2, for a.e. 0 < |ω| ≤ π,
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where the associated operators are diagonal and share a common eigenbasis Qϕk = λkϕk, define

Aϕk = αkϕk, Kϕk = κkϕk, Lωϕk = Lk(|ω|)ϕk.

Then, we need that ∥A∥L(H1) < 1, ∥K∥L(H1) = supk κk <∞, 0 ≤ Lω ≤M Id for a.e. 0 < |ω| ≤ π,
and that Lωh→ h for every h ∈ H1 as ω → 0.

The following remark gives some sufficient time-domain assumptions ensuring our spectral
Assumption 3.1.

Remark 3.3. Assumption 3.1 holds, for example, if Qϕk = λkϕk, λk > 0,
∑

k λk <∞, and the
autocovariance operators are diagonalized by the same basis and satisfy

Γ(h)ϕk = λkckh
αk−1Lk(h)ϕk, h ≥ 1,

where 0 < infk αk ≤ αk ≤ supk αk < 1, 0 < infk ck ≤ ck ≤ supk ck < ∞, and each Lk is
measurable and slowly varying at infinity, with limx→∞ Lk(x) = 1. We additionally require

sup
k

∞∑
h=1

hαk−1|Lk(h)− 1| <∞.

Indeed, the power-law cosine-series expansion, uniformly over the stated compact range of
memory parameters, together with the weighted summability condition yields

fk(ω)

λk
= κk|ω|−αk +Rk(ω), sup

k
∥Rk∥∞ <∞, κk =

ckΓ(αk) cos(παk/2)

π
.

The expression for κk is the standard scalar asymptotic constant; see [42, Proposition 2.2.14].
Since the κk’s are uniformly bounded above and away from zero, and supk ∥Rk∥∞ < ∞, As-
sumption 3.1 follows.

Remark 3.4. Suppose that G has hermite rank q. Then, for all ℓ ∈ Lp, p ≥ q, we have that
H(ℓ) = 1− 1

2

∑
j ℓj(1−αj) ≤ 1− p

2(1−α) ≤ 1− q
2(1−α), and the equality holds precisely when

(i) p = q and (ii) ℓ ∈ Lq and supp ℓ ⊂ D.

4 Construction of the limit

In this section, we construct the limiting random variable ZD in (3.9).

4.1 Spectral kernels

For s ∈ [0, 1], define the temporal kernel

K̂s(y) =

∫ s

0
eivy dv =


eisy − 1

iy
, y ̸= 0,

s, y = 0.
(4.1)

Fix ℓ ∈ Lp, p ≥ 1, with H(ℓ) > 1/2, and let k1 ≤ · · · ≤ kp list the coordinate indices, with each
j appearing exactly ℓj times. For x = (x1, . . . , xp), set

Ks,ℓ(x) = K̂s

(
p∑
a=1

xa

)
p∏
a=1

|xa|−αka/2, (4.2)

Ln,s,ℓ(x) = n−H(ℓ)−p/2
⌊ns⌋∑
t=1

eit
∑p

a=1 xa/n
p∏
a=1

(
f̃ka(xa/n)

1/21{|xa|≤πn}

)
. (4.3)

9



Define, moreover,

Bℓ =

∫
Rp

(1 ∧ |x1 + · · ·+ xp|−1)2
p∏
a=1

κka |xa|−αka dx. (4.4)

and, for p ≥ 2, the convolution

Ψℓ(y) =

∫
Rp−1

(
p−1∏
a=1

κka |xa|−αka

)
κkp

∣∣∣∣∣y −
p−1∑
a=1

xa

∣∣∣∣∣
−αkp

dx1 · · · dxp−1, (4.5)

while, for p = 1, set Ψℓ(y) = κk1 |y|−αk1 .

Lemma 4.1. For every ℓ ∈ Lp, p ≥ 1, satisfying H(ℓ) > 1/2, we have 0 < Ψℓ(1) <∞ and

Ψℓ(y) = Ψℓ(1)|y|1−2H(ℓ), y ̸= 0. (4.6)

Moreover,

Bℓ = Ψℓ(1)

(
1

1−H(ℓ)
+

1

H(ℓ)

)
<∞. (4.7)

Proof. For p = 1, we have 1− 2H(ℓ) = −αk1 and Ψℓ(1) = κk1 , so (4.6) follows directly from the
definition of Ψℓ.

For p ≥ 2 and 1 ≤ r ≤ p, set

ηr =
r∑

a=1

αka − r + 1 = 1−
r∑

a=1

(1− αka),

Since the terms 1− αka are all positive and their total is β(ℓ) < 1, ηr ∈ (0, 1) for all 1 ≤ r ≤ p.
We use now the form of Ψ in (4.5) to prove (4.6). Note that it suffices to prove that

Ψℓ(y) = CΨℓ(1)|y|1−2H(ℓ), since then we can obtain the constant by evaluating Ψℓ at one.
We prove that, for every r = 1, . . . , p, there exists 0 < Cr <∞ such that, whenever y ̸= 0,∫

Rr−1

(
r−1∏
a=1

κka |xa|−αka

)
κkr

∣∣∣∣∣y −
r−1∑
a=1

xa

∣∣∣∣∣
−αkr

dx1 · · · dxr−1 = Cr|y|−ηr .

For r = 1, the left-hand side is understood as κk1 |y|−αk1 . Since η1 = αk1 , the identity holds
with C1 = κk1 .

Now fix 2 ≤ r ≤ p and assume the identity holds for r − 1. By Tonelli’s theorem and the
induction hypothesis,

∫
Rr−1

(
r−1∏
a=1

κka |xa|−αka

)
κkr

∣∣∣∣∣y −
r−1∑
a=1

xa

∣∣∣∣∣
−αkr

dx1 · · · dxr = Cr−1κkr

∫
R
|u|−ηr−1 |y − u|−αkr du

= Cr−1κkr |y|−ηr
∫
R
|v|−ηr−1 |1− v|−αkr dv = Cr|y|−ηr ,

where for the third equality we used the substitution u = yv and that ηr = ηr−1 + αkr − 1; for
the fourth equality we have set Cr = Cr−1κkr

∫
R |v|−ηr−1 |1 − v|−αkr dv ∈ (0,∞), where notice

that the finiteness of the integral near zero and one is due to 0 < ηr−1, αkr < 1, and at infinity
because ηr−1 + αkr = 1 + ηr > 1. This proves the induction step.

To obtain Bℓ, replace xp by y = x1 + · · · + xp. Then, using Tonelli’s theorem and the
definition of Ψℓ,

Bℓ =

∫
R
(1 ∧ |y|−1)2Ψℓ(y) dy = 2Ψℓ(1)

(∫ 1

0
y1−2H(ℓ) dy +

∫ ∞

1
y−1−2H(ℓ) dy

)
.

Both integrals are finite because 1/2 < H(ℓ) < 1, proving (4.7).
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4.2 Definition of the limit

4.2.1 The general case

On the common spectral probability space introduced in Section 2.3, define, with κℓ =
∏
j κ

ℓj
j ,

ZD(s) =
∞∑
i=1

Zi(s)vi with Zi(s) =
∑
ℓ∈Di

ci,ℓκ
ℓ/2I|ℓ|(JℓKs,ℓ), (4.8)

or, equivalently, groupping the terms of order p into a kernel hp,s ∈ H⊙p ⊗H2, we can write

ZD(s) =
∑
p≥q

Ip(hp,s), hp,s
.
=

∞∑
i=1

∑
ℓ∈Di,|ℓ|=p

ci,ℓκ
ℓ/2JℓKs,ℓ ⊗ vi. (4.9)

By using (2.8), the fact that label supports for different multiplicity indices are disjoint, and
the kernel estimates (5.1) below, we can infer that

E ∥ZD(s)∥2H2
=

∞∑
i=1

∑
ℓ∈Di

ℓ! |ci,ℓ|2∥κℓ/2Ks,ℓ∥2L2(R|ℓ|)

≤
∞∑
i=1

∑
ℓ∈Di

ℓ! |ci,ℓ|2C/(2di − 1) ≤ C

∞∑
i=1

E |⟨G[X0], vi⟩H2 |2

2di − 1
<∞,

from Assumption 3.2(ii).

4.2.2 The common exponent case

Let q and α be as in Assumption 3.3. Define

Ks(x1, . . . , xq) := K̂s

(
q∑

a=1

xa

)
q∏

a=1

|xa|−α/2, (x1, . . . , xq) ∈ Rq,

where K̂s is given by (4.1). By Assumption 3.3(ii) and (4.2), we have Ks,ℓ = Ks for every ℓ ∈ Lq
such that ci,ℓ ̸= 0 for some i. We then define

Z
(q)
H (s) =

∞∑
i=1

Iq(Ki,s)vi = Iq

( ∞∑
i=1

Ki,s ⊗ vi

)
, Ki,s =

∑
ℓ∈Lq

ci,ℓκ
ℓ/2JℓKs in H⊙q. (4.10)

where, recall (4.2). Note that when s > 0, Ks ∈ L2(Rq) if and only if 1 − 1/q < α < 1. The
isometries (2.5)–(2.8) then imply

E ∥Z(q)
H (s)∥2H2

= ∥Ks∥2L2(Rq)

∞∑
i=1

∑
ℓ∈Lq

ℓ! |ci,ℓ|2κℓ <∞.

5 Proofs of the limit results

We derive convergence of the kernel functions that correspond to pre- and postlimits and prove
a reduction principle. Finally, we combine these two results to prove Theorem 3.1, and conclude
with the proof of Corollary 3.1.
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5.1 Kernel convergence

Recall the prelimit kernels Ln,s,ℓ from (4.3) and the limit kernels Ks,ℓ from (4.2). The following
lemma states a convergence result for these kernels.

Proposition 5.1. Suppose Assumptions 3.1(ii)–(iv). For every ℓ ∈ Lp supported on active
coordinates with H(ℓ) > 1/2, and every s ∈ [0, 1], there is a constant C, independent of the
index and its order, such that

sup
n≥1

sup
s∈[0,1]

∥Ln,s,ℓ∥2L2(Rp) ≤
C

2H(ℓ)− 1
, sup

s∈[0,1]
∥κℓ/2Ks,ℓ∥2L2(Rp) ≤

C

2H(ℓ)− 1
, (5.1)

Suppose, in addition, Assumptions 3.2(i),(ii). Then, for the dominant sets Di and any fixed
s1, . . . , sm ∈ [0, 1], θ1, . . . , θm ∈ R,

∞∑
i=1

∑
ℓ∈Di

ℓ! |ci,ℓ|2
∥∥∥∥∥
m∑
a=1

θa(Ln,sa,ℓ − κℓ/2Ksa,ℓ)

∥∥∥∥∥
2

L2(R|ℓ|)

→ 0. (5.2)

Proof. We first establish convergence in L2(Rp) of the kernels Ln,s,ℓ to κℓ/2Ks,ℓ. This conver-
gence is then used to infer (5.1) and (5.2).

For the L2(Rp)-convergence, we first establish almost-everywhere convergence and verify then
that dominated convergence theorem may be applied by showing integrability of the respective
objects. Fix ℓ ∈ Lp with H(ℓ) > 1/2, write k = k(ℓ), and

K̂n,s(y)
.
=

1

n

⌊ns⌋∑
t=1

eity/n, y = x1 + · · ·+ xp. (5.3)

Fix also s ∈ (0, 1]; the case s = 0 is immediate because both kernels vanish. Using the definition
in (4.3), we have, with further explanations given below,

Ln,s,ℓ(x) = n−H(ℓ)−p/2
⌊ns⌋∑
t=1

eit
∑p

a=1 xa/n
p∏
a=1

f̃ka(xa/n)
1/21{|xa|≤πn}

= K̂n,s(y)

p∏
a=1

[
n−αka/2f̃ka(xa/n)

1/21{|xa|≤πn}

]
(5.4)

→ K̂s(y)

p∏
a=1

κ
1/2
ka

|xa|−αka/2 = κℓ/2Ks,ℓ(x) for a.e. x ∈ Rp, (5.5)

where (5.4) follows by (5.3) and since −1− 1
2

∑p
a=1 αka = −H(ℓ)−p/2. For (5.5), the convergence

of each spectral factor follows from Assumption 3.1(iii), since xa/n → 0 and, for fixed xa ̸= 0,
the indicator equals one for all sufficiently large n. The convergence K̂n,s(y) → K̂s(y), with K̂s

defined in (4.1), follows from the end of p. 289, (5.3.10), (5.3.13), and p. 291 of [42]. The final
equality uses κℓ/2 .

=
∏p
a=1 κ

1/2
ka

and the definition of Ks,ℓ in (4.2).
For integrability, we introduce the set An = {x ∈ Rp : |x1 + · · · + xp| ≤ πn} and consider

both An and its complement separately. On An, we get

|K̂n,s(y)| ≤ min

{
⌊ns⌋
n

,
1

n| sin(y/(2n))|

}
≤ min

{
1,

1

n| sin(y/(2n))|

}
,

≤ min{1, π|y|−1} ≤ π(1 ∧ |y|−1), |y| ≤ πn, (5.6)
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where, in the first line, the two bounds follow respectively from the triangle inequality and
(A.2.2) in [42]; we then use ⌊ns⌋/n ≤ 1. On |y| ≤ πn, the inequality | sin(y/(2n))| ≥ |y|/(πn)
gives the second line. Then, using (5.4),

|Ln,s,ℓ(x)1An(x)|2 =

∣∣∣∣∣K̂n,s(y)

p∏
a=1

[
n−αka/2f̃ka(xa/n)

1/21{|xa|≤πn}

]∣∣∣∣∣
2

1An(x)

≤Mpκℓ|K̂n,s(y)|2
p∏
a=1

|xa|−αka1An(x) (5.7)

≤ π2Mpκℓ(1 ∧ |y|−1)2
p∏
a=1

|xa|−αka
.
= gℓ(x), (5.8)

where (5.7) follows by Assumption 3.1(iii) and
∏p
a=1 κka = κℓ; (5.8) is due to (5.6). Combining

this bound with (5.6) on An gives the last line. It remains to show that gℓ(x) is integrable, that
is, ∫

Rp

gℓ(x) dx = π2Mp

∫
Rp

(1 ∧ |x1 + · · ·+ xp|−1)2
p∏
a=1

κka |xa|−αka dx = π2MpBℓ <∞,

with Bℓ as in (4.4). Finiteness was established in (4.7). By (5.5), for almost every x ∈ Rp,

Ln,s,ℓ(x)1An(x) → κℓ/2Ks,ℓ(x),

using 1An(x) → 1 that holds since every fixed x belongs to An for all sufficiently large n. Finally,∣∣∣Ln,s,ℓ(x)1An(x)− κℓ/2Ks,ℓ(x)
∣∣∣2 ≤ 2|Ln,s,ℓ(x)1An(x)|2 + 2|κℓ/2Ks,ℓ(x)|2 ≤ 4gℓ(x),

using |u−v|2 ≤ 2|u|2+2|v|2 and since by (5.5), we have |κℓ/2Ks,ℓ(x)|2 = limn→∞ |Ln,s,ℓ(x)1An(x)|2 ≤
gℓ(x). The integrand in the last line converges to zero almost everywhere and is bounded by
the integrable function 4gℓ.

We can now apply dominated convergence on An to prove (5.9)∥∥∥Ln,s,ℓ1An − κℓ/2Ks,ℓ

∥∥∥2
L2(Rp)

=

∫
Rp

∣∣∣Ln,s,ℓ(x)1An(x)− κℓ/2Ks,ℓ(x)
∣∣∣2 dx→ 0. (5.9)

It remains to control the prelimit kernel on Acn. On Acn, use the integral of |K̂n,s|2. Parseval’s
identity in (A.1.4) of [42] gives

∫ πn

−πn
|K̂n,s(y)|2 dy =

1

n

∫ π

−π

∣∣∣∣∣∣
⌊ns⌋∑
t=1

eitx

∣∣∣∣∣∣
2

dx =
2π⌊ns⌋
n

≤ 2π. (5.10)

The integrand is 2πn-periodic. Since p is an integer, integration over any interval of length 2pπn
therefore gives at most 2πp.

The support of Ln,s,ℓ is contained in [−πn, πn]p, so |y| ≤ pπn on that support. Then, with
further explanations given below,

∥Ln,s,ℓ1Ac
n
∥2L2(Rp) ≤M |ℓ|

∫
|xa|≤πn, a=1,...,p
|x1+···+xp|>πn

|K̂n,s(x1 + · · ·+ xp)|2
p∏
a=1

κka |xa|−αka dx.

≤M |ℓ|
∫
πn<|y|≤pπn

|K̂n,s(y)|2Ψℓ(y) dy (5.11)

≤M |ℓ|Ψℓ(1)(πn)
1−2H(ℓ)

∫ pπn

−pπn
|K̂n,s(y)|2 dy (5.12)

≤ πpM |ℓ|Bℓn
1−2H(ℓ) → 0. (5.13)
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For the first inequality, we used (5.4) and Assumption 3.1(iii). The inequality (5.11) is due
to substituting xp = y −

∑p−1
a=1 xa, and using the definition of Ψℓ in (4.5). For (5.12), we use

(4.6) of Lemma 4.1 and |y| > πn. The last inequality follows from (5.10), Ψℓ(1) ≤ Bℓ/2, and
π1−2H(ℓ) ≤ 1. The bound is uniform in s ∈ [0, 1] and tends to zero because 2H(ℓ) − 1 > 0.
Combining (5.9) and (5.13), the triangle inequality gives

Ln,s,ℓ → κℓ/2Ks,ℓ in L2(Rp). (5.14)

Proof of (5.1): By the isometry (2.8), the coordinate spectral representation under Assump-
tion 3.1(ii) and the change of variables xa = nωa,

∥Ln,s,ℓ∥2L2(Rp) =
n−2H(ℓ)

ℓ!
Var

⌊ns⌋∑
t=1

Hℓ[Xt]

 ≤ C

2H(ℓ)− 1

(
⌊ns⌋
n

)2H(ℓ)

≤ C

2H(ℓ)− 1
.

Here (6.4) is applied with d = H(ℓ). Fatou’s lemma and the convergence in (5.14) give

∥κℓ/2Ks,ℓ∥2L2(Rp) ≤ lim inf
n→∞

∥Ln,s,ℓ∥2L2(Rp) ≤
C

2H(ℓ)− 1
.

Both estimates hold for every s ∈ [0, 1], proving (5.1). The variance lemma was proved directly
from the spectral densities and does not use kernel convergence or any coefficient summability.

Proof of (5.2): Fix s1, . . . , sm ∈ [0, 1] and θ1, . . . , θm ∈ R. For ℓ ∈ Di, we have H(ℓ) = di,
with di ∈ (1/2, 1) by Assumption 3.2(i). Then, with further explanations given below,

∞∑
i=1

∑
ℓ∈Di

ℓ! |ci,ℓ|2
∥∥∥∥∥
m∑
a=1

θa(Ln,sa,ℓ − κℓ/2Ksa,ℓ)

∥∥∥∥∥
2

L2(R|ℓ|)

≤
∞∑
i=1

∑
ℓ∈Di

ℓ! |ci,ℓ|2
4C (

∑m
a=1 |θa|)

2

2di − 1
(5.15)

≤ 4C

(
m∑
a=1

|θa|

)2 ∞∑
i=1

E |⟨G[X0], vi⟩H2 |2

2di − 1
<∞, (5.16)

where (5.15) is due to triangle inequality and (5.1), (5.16) follows by Parseval’s identity and
Assumption 3.2(ii). For each fixed index the squared error tends to zero by (5.14). Dominated
convergence of the countable series proves (5.2).

5.2 Reduction Principle

For the following proofs, we first introduce the required notation. Recall L from (2.2). Let
Q = (Qi)i≥1, where each Qi ⊆ L \ {0} consists of indices supported on active coordinates. Fix
di ∈ (1/2, 1) and recall the operator D from (3.7). For N ≥ 1, define

FN (Q)
.
= {(i, ℓ) : 1 ≤ i ≤ N, ℓ ∈ Qi, |ℓ| ≤ N, ℓj = 0 for all j > N} ,

and write

GQ =

∞∑
i=1

∑
ℓ∈Qi

ci,ℓHℓvi, G
(N)
Q =

∑
(i,ℓ)∈FN (Q)

ci,ℓHℓvi. (5.17)

The sets FN (Q) are finite and increase to all indices in Q. By Hermite orthogonality and
Parseval’s identity, G(N)

Q is an orthogonal projection of GQ onto a finite-dimensional sub-
space of L2(H1, γQ;H2) and converges to GQ in this space. Each projection takes values in
span{v1, . . . , vN} and depends only on the first N standardized Gaussian coordinates.
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Proposition 5.2. Recall GD from (3.5). Suppose Assumptions 3.1(ii)–(iv), 3.2(i),(ii). Then,
as n→ ∞,

sup
s∈[0,1]

E

∥∥∥∥∥∥n−D
⌊ns⌋∑
t=1

(G[Xt]−GD[Xt])

∥∥∥∥∥∥
2

H2

→ 0.

Proof. We control each nondominant term uniformly over partial-sum lengths. Recall Ni from
(3.4), i.e., the set of indices that corresponds to nondominat terms. Fix i and ℓ ∈ Ni, and write
p = |ℓ| and β = β(ℓ). Under Assumptions 3.1(ii)–(iv), applying (6.3) of Lemma 6.2 gives

max
0≤m≤n

n−2di Var

(
m∑
t=1

Hℓ[Xt]

)
≤ ℓ!Cp


(
1 + 2

1−β

)
n−2(di−H(ℓ)), β ∈ (0, 1),

n1−2di(1 + 2 log n), β = 1,(
1 + 2

β−1

)
n1−2di , β > 1,

→ 0. (5.18)

For (5.18), the variance bounds are increasing functions of m ≥ 1, so we may replace m by n
in their upper bounds; the case m = 0 is immediate. When 0 < β < 1, we use 2 − β = 2H(ℓ).
Moreover, ℓ ∈ Ni and H(ℓ) > 1/2 imply H(ℓ) < di, so n−2(di−H(ℓ)) → 0. When β = 1, the
condition di > 1/2 in Assumption 3.2(i) implies that n1−2di(1+2 log n) → 0. The same condition
gives n1−2di → 0 when β > 1.

Set F = G − GD = GN and F (N) = G
(N)
N , using the representation in (5.17) with N =

(Ni)i≥1. For each fixed N , Lemma 2.1 gives

sup
s∈[0,1]

E

∥∥∥∥∥∥n−D
⌊ns⌋∑
t=1

F (N)[Xt]

∥∥∥∥∥∥
2

H2

≤
∑

(i,ℓ)∈FN (N )

|ci,ℓ|2 max
0≤m≤n

n−2di Var

(
m∑
t=1

Hℓ[Xt]

)
→ 0.(5.19)

The sum is finite and each term tends to zero by (5.18). Recall that H(ℓ) ≤ di for every ℓ ∈ Ni,
so Lemma 6.3 applies with Q = N . Combining its bound with (5.19) and the decomposition
F = F (N) + (F − F (N)), we obtain, for every N ≥ 1,

lim sup
n→∞

sup
s∈[0,1]

E

∥∥∥∥∥∥n−D
⌊ns⌋∑
t=1

F [Xt]

∥∥∥∥∥∥
2

H2

≤ 2 lim sup
n→∞

sup
s∈[0,1]

E

∥∥∥∥∥∥n−D
⌊ns⌋∑
t=1

F (N)[Xt]

∥∥∥∥∥∥
2

H2

+ 2 lim sup
n→∞

sup
s∈[0,1]

E

∥∥∥∥∥∥n−D
⌊ns⌋∑
t=1

(F − F (N))[Xt]

∥∥∥∥∥∥
2

H2

≤ 2C
∑

i≥1, ℓ∈Ni
(i,ℓ)/∈FN (N )

ℓ!|ci,ℓ|2

2di − 1

= 2C

∞∑
i=1

∑
ℓ∈Ni

ℓ!|ci,ℓ|2

2di − 1
− 2C

∑
(i,ℓ)∈FN (N )

ℓ!|ci,ℓ|2

2di − 1
→ 0,

as N → ∞. The first inequality follows from ∥u+ v∥2H2
≤ 2∥u∥2H2

+ 2∥v∥2H2
. For the second in-

equality, the first term vanishes by (5.19), while the second is bounded by Lemma 6.3, uniformly
in n and s. The convergence follows, since, by Parseval’s identity and Assumption 3.2(ii), we
have

∞∑
i=1

∑
ℓ∈Ni

ℓ!|ci,ℓ|2

2di − 1
≤

∞∑
i=1

1

2di − 1

∑
ℓ∈L

ℓ!|ci,ℓ|2 =
∞∑
i=1

E |⟨G[X0], vi⟩H2 |2

2di − 1
<∞.
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5.3 Proof of Theorem 3.1

Proof. We combine Propositions 5.1 and 5.2. We first prove convergence of finite dimensional
distributions in a product space of H2. We then consider the continuous interpolations (3.8) in
C([0, 1];H2) and tightness.

Convergence of finite dimensional distributions: Recall GD from (3.5), and write

An(s) = n−D
⌊ns⌋∑
t=1

GD[Xt], Rn(s) = n−D
⌊ns⌋∑
t=1

(G[Xt]−GD[Xt]). (5.20)

It then suffices to prove convergence in distribution of An(s) and that Rn(s) is negligible to infer
convergence of An +Rn matching the prelimit in (3.9).

For N ≥ 1, define the finite projections, using the notation (5.17) with D = (Di)i≥1,

A(N)
n (s) = n−D

⌊ns⌋∑
t=1

G
(N)
D [Xt], Z

(N)
D (s) =

∑
(i,ℓ)∈FN (D)

ci,ℓκ
ℓ/2I|ℓ|(JℓKs,ℓ)vi.

We first prove convergence for fixed N . For every coordinate spectral measure Ŵj , define

Ŵj,n(B) = n1/2Ŵj(B/n), B ⊂ R Borel with finite Lebesgue measure.

The rescaled measures have Lebesgue control measure, since n|B/n| = |B|, and retain Hermitian
symmetry and independence across coordinate labels. Hence the finitely many rescaled measures
have the same joint law as the original measures. Applying the change of variables xa = nωa
simultaneously to the finite collection of multiple integrals gives

A(N)
n (s)

f.d.d.
= Â(N)

n (s)
.
=

∑
(i,ℓ)∈FN (D)

ci,ℓI|ℓ|(JℓLn,s,ℓ)vi. (5.21)

Here we use (2.9) and H(ℓ) = di on Di. This is the usual joint change-of-measure property of
multiple Wiener integrals; see [42, Appendix B.2, equation (B.2.15)]. The same rescaling is used
for all selected times, labels and chaos orders, so (5.21) is a joint equality in law.

Fix s1, . . . , sm ∈ [0, 1]. The labelled isometry and orthogonality give

E
∥∥(Â(N)

n (sa)− Z
(N)
D (sa))

m
a=1

∥∥2
Hm

2
=

m∑
a=1

∑
(i,ℓ)∈FN (D)

ℓ!|ci,ℓ|2∥Ln,sa,ℓ − κℓ/2Ksa,ℓ∥2L2 → 0.

There are only finitely many summands, and each tends to zero by (5.14). Thus, for fixed
N , (A(N)

n (sa))
m
a=1 converges in distribution to (Z

(N)
D (sa))

m
a=1 in the finite-dimensional subspace

span{v1, . . . , vN}m.
It remains to remove the projection. By Lemma 6.3 and (5.1), respectively,

sup
n≥1

sup
s∈[0,1]

E ∥An(s)−A(N)
n (s)∥2H2

≤ C
∑

i≥1, ℓ∈Di
(i,ℓ)/∈FN (D)

ℓ!|ci,ℓ|2

2di − 1
,

sup
s∈[0,1]

E ∥ZD(s)− Z
(N)
D (s)∥2H2

≤ C
∑

i≥1, ℓ∈Di
(i,ℓ)/∈FN (D)

ℓ!|ci,ℓ|2

2di − 1
.

For the second inequality, use the labelled isometry and H(ℓ) = di on Di. By Parseval’s identity
and Assumption 3.2(ii), the full weighted coefficient sum is finite. Since the sets FN (D) increase
to all dominant indices, dominated convergence shows that both right-hand sides tend to zero as
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N → ∞. Summing over them times and applying Markov’s inequality verifies the approximation
condition of [5, Theorem 3.2]. That theorem therefore yields

(An(sa))
m
a=1

d−→ (ZD(sa))
m
a=1 in Hm

2 . (5.22)

We turn to the remainder Rn(s) in (5.20). Proposition 5.2 implies, for every ε > 0,

P
(
∥(Rn(sa))ma=1∥Hm

2
> ε
)
≤ ε−2

m∑
a=1

E ∥Rn(sa)∥2H2
≤ ε−2m sup

s∈[0,1]
E ∥Rn(s)∥2H2

→ 0, (5.23)

where the first inequality is Markov’s inequality. Combining (5.20), (5.22), and (5.23), Slutsky’s
lemma in Hm

2 proves (3.9).

Continuous interpolations: Recall (3.8), with Tn = n−D. Since Assumption 3.2(i) gives di > 1/2
for every i, including the prescribed values on zero output directions, ∥n−D∥L(H2) ≤ n−1/2.
Stationarity therefore gives, for every fixed s ∈ [0, 1],

E

∥∥∥∥∥∥S̃Tn (s)− n−D
⌊ns⌋∑
t=1

G[Xt]

∥∥∥∥∥∥
2

H2

≤ ∥n−D∥2L(H2)
E ∥G[X0]∥2H2

≤ n−1 E ∥G[X0]∥2H2
→ 0.

Summing this estimate over s1, . . . , sm shows that the interpolations have the same limiting
finite-dimensional distributions.

Tightness: We apply the tightness criterion in [24, Proposition 4.1] with parameter space [0, 1]
and state space H2. The marginal laws are tight at every fixed time by the convergence already
proved. It remains to establish a uniform increment bound with a power strictly greater than
one.

We impose the additional condition d∗ > 1/2 in Theorem 3.1. For every integer a and every
integer m ≥ 1, stationarity and the finite-projection argument in the proof of Lemma 6.3 give

E

∣∣∣∣∣
a+m∑
t=a+1

⟨G[Xt], vi⟩H2

∣∣∣∣∣
2

=

∞∑
p=1

∑
ℓ∈Lp

|ci,ℓ|2Var

(
m∑
t=1

Hℓ[Xt]

)

≤ C

2di − 1
E |⟨G[X0], vi⟩H2 |2m2di . (5.24)

For the inequality, every index with ci,ℓ ̸= 0 satisfies H(ℓ) ≤ di by the definition of di and
Assumption 3.2(i). We therefore apply (6.4) of Lemma 6.2, and then Parseval’s identity for the
scalar Hermite expansion of ⟨G, vi⟩.

Let Un,i(s) = ⟨S̃Tn (s), vi⟩H2 , with Tn = n−D, and put h = t − s > 0. We may take the
constant C in (5.24) to be at least one. For grid times s, t ∈ {0, 1/n, . . . , 1} with s < t, we have

∥Un,i(t)− Un,i(s)∥L2(Ω) = n−di

∥∥∥∥∥
nt∑

r=ns+1

⟨G[Xr], vi⟩H2

∥∥∥∥∥
L2(Ω)

≤
(

C

2di − 1

)1/2

∥⟨G[X0], vi⟩H2∥L2(Ω) h
di ,

where the equality follows from the definition of the interpolation at grid times. The inequality
is (5.24) with block length n(t− s). For arbitrary s, t with h ≥ 1/n, put j = ⌊ns⌋ and k = ⌊nt⌋,
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so that k ≥ j + 1. We split the increment as follows

∥Un,i(t)− Un,i(s)∥L2(Ω)

≤ ∥Un,i(t)− Un,i(k/n)∥L2(Ω) + ∥Un,i(k/n)− Un,i((j + 1)/n)∥L2(Ω)

+ ∥Un,i((j + 1)/n)− Un,i(s)∥L2(Ω)

≤
(

C

2di − 1

)1/2

∥⟨G[X0], vi⟩H2∥L2(Ω)

[
nt− k

ndi
+

(
k − j − 1

n

)di
+
j + 1− ns

ndi

]

≤ 3

(
C

2di − 1

)1/2

∥⟨G[X0], vi⟩H2∥L2(Ω) h
di .

The first inequality is the triangle inequality. For the second, linear interpolation and the
case m = 1 of (5.24) control the two partial increments, while the grid-time estimate controls
the middle block. For the last inequality, each partial-increment coefficient is at most one,
n−di ≤ hdi , and (k − j − 1)/n ≤ h.

If 0 < h < 1/n, we use the piecewise constant slope of the linear interpolation to get, with
further explanations below,

∥Un,i(t)− Un,i(s)∥L2(Ω) = n1−di
∥∥∥∥∫ t

s
⟨G[X⌊nv⌋+1], vi⟩H2 dv

∥∥∥∥
L2(Ω)

≤ n1−di
∫ t

s
∥⟨G[X⌊nv⌋+1], vi⟩H2∥L2(Ω) dv

= n1−dih ∥⟨G[X0], vi⟩H2∥L2(Ω)

≤ hdi∥⟨G[X0], vi⟩H2∥L2(Ω).

The first equality follows from the interpolation formula, the first inequality is Minkowski’s
integral inequality, and the next equality uses stationarity. The following inequality factors out
hdi , and uses nh < 1 and di < 1, the latter by Assumption 3.2(i). Since C ≥ 1 and 2di − 1 < 1,
both cases are bounded by the estimate with factor 3(C/(2di − 1))1/2 above. Consequently,

E ∥S̃Tn (t)− S̃Tn (s)∥2H2
=

∞∑
i=1

∥Un,i(t)− Un,i(s)∥2L2(Ω)

≤ 9C

∞∑
i=1

E |⟨G[X0], vi⟩H2 |2

2di − 1
|t− s|2di (5.25)

≤ 9C|t− s|2d∗
∞∑
i=1

E |⟨G[X0], vi⟩H2 |2

2di − 1
. (5.26)

The equality follows from Parseval’s identity and Tonelli’s theorem. The inequality (5.25) uses
the preceding two cases, and (5.26) uses |t− s| ≤ 1 and di ≥ d∗ on active coordinates. Inactive
coordinates contribute zero. The coefficient sum is finite by Assumption 3.2(ii).

Since 2d∗ > 1, [24, Proposition 4.1] now gives tightness in C([0, 1];H2). Its covering-number
condition holds on [0, 1] with exponent one; the increment moment has order two and time
exponent 2d∗. The state space is complete and separable, and the interpolations have continuous
paths, so all its hypotheses are satisfied.

For completeness, the same increment estimate also gives a continuous version of the limiting
process. By the finite-dimensional convergence and the Portmanteau theorem,

E ∥ZD(t)− ZD(s)∥2H2
≤ 9C|t− s|2d∗

∞∑
i=1

E |⟨G[X0], vi⟩H2 |2

2di − 1
.
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Hence [24, Theorem 1.1] supplies a continuous modification. Finally, tightness and the finite-
dimensional convergence, together with [23, Lemma 16.2], yield

S̃Tn
d−→ ZD in C([0, 1];H2),

where ZD denotes this continuous version.

5.4 Proof of Corollary 3.1

Proof. Recall the expansion G[x] =
∑

i≥1

∑
ℓ∈L ci,ℓHℓ[x] ⊗ vi from (2.3). We aim to apply

Theorem 3.1 after expanding G[x] with respect to a basis that is possibly different than (vi)i
and in which every coordinate of G has a nonzero term of order q. We then verify the assumption
do Theorem 3.1. For every ℓ ∈ L, denote by

cℓ
.
=

∞∑
j=1

cj,ℓvj ∈ H2

the coefficient vector in (2.3). Since G has Hermite rank q, there exists ℓ0 ∈ Lq such that
cℓ0 ̸= 0. To construct the required basis, choose (ai)i≥1 ∈ ℓ2 with ai > 0 for every i ≥ 1 and∑

i a
2
i = 1, and put u =

∑
i aivi. By extending u and cℓ0/∥cℓ0∥H2 to orthonormal bases, we

obtain a surjective linear isometry U of H2 satisfying Uu = cℓ0/∥cℓ0∥H2 . Let wi = Uvi, and
denote by c̃i,ℓ the Hermite coefficients in the orthonormal basis (wi)i≥1. For every i ≥ 1 and
ℓ ∈ L, we have

c̃i,ℓ = ⟨cℓ, wi⟩H2 =
∞∑
j=1

cj,ℓ⟨vj , wi⟩H2 , c̃i,ℓ0 = ∥cℓ0∥H2⟨Uu,Uvi⟩H2 = ∥cℓ0∥H2ai > 0,

∞∑
i=1

|c̃i,ℓ|2 = ∥cℓ∥2H2
=

∞∑
j=1

|cj,ℓ|2,
(5.27)

where the representation of c̃i,ℓ0 uses the isometry of U , and the last line follows from Parseval’s
identity. In this basis,

G[Xt] =
∞∑
i=1

⟨G[Xt], wi⟩H2 wi =
∞∑
i=1

(∑
ℓ∈L

c̃i,ℓHℓ[Xt]

)
wi =

∞∑
i=1

∑
ℓ∈L

c̃i,ℓHℓ[Xt]wi,

with convergence in L2(Ω;H2). Thus the output basis and coefficients are replaced by wi and
c̃i,ℓ, respectively. Moreover, the coefficient norm identity above shows that a multi-index is
active in the new basis if and only if it is active in the original basis. Consequently, the active
input coordinates are unchanged, and Assumption 3.1 remains valid.

To verify Assumption 3.2 in the basis (wi), denote by d̃i, D̃i, and D̃ the corresponding
dominant exponents, dominant sets, and operator, respectively, as defined in (3.4) and (3.7).
By Assumption 3.3(ii), all input coordinates in the support of an active index of order q have
exponent α. Hence, for every ℓ ∈ Lq with cℓ ̸= 0,

β(ℓ) =
∑
j

ℓj(1− αj) = (1− α)|ℓ| = q(1− α), H(ℓ) = 1− q

2
(1− α) = H ∈ (1/2, 1),

and Ks,ℓ = Ks by (4.2). Moreover, Assumption 3.3(iii) gives H(ℓ) < H for every active higher-
order index. Since c̃i,ℓ0 > 0 for every i ≥ 1, the dominant exponent in each output coordinate is
attained at ℓ0. Consequently,

d̃i = H, D̃i = {ℓ ∈ Lq : c̃i,ℓ ̸= 0}, D̃ = HIH2 ,
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which verifies Assumption 3.2(i). Furthermore, Parseval’s identity and Assumption 3.3(i) yield

∞∑
i=1

E |⟨G[X0], wi⟩H2 |2

2d̃i − 1
=

1

2H − 1

∞∑
i=1

∑
ℓ∈L

ℓ!|c̃i,ℓ|2

=
1

2H − 1

∑
ℓ∈L

ℓ!∥cℓ∥2H2
=

E ∥G[X0]∥2H2

2H − 1
<∞,

which verifies Assumption 3.2(ii).
Since D̃ = HIH2 and infi d̃i = H > 1/2, Theorem 3.1, applied in the basis (wi)i, gives

both finite-dimensional convergence and weak convergence of the continuous interpolations with
Tn = n−HIH2 . Denote by Z̃ the resulting limit. It remains to identify Z̃ with Z

(q)
H . For every

s ∈ [0, 1], (4.8) and the kernel identity above give

Z̃(s) =
∞∑
i=1

∑
ℓ∈Lq

c̃i,ℓκ
ℓ/2Iq(JℓKs)wi =

∑
ℓ∈Lq

κℓ/2Iq(JℓKs)

( ∞∑
i=1

c̃i,ℓwi

)

=
∑
ℓ∈Lq

κℓ/2Iq(JℓKs)

( ∞∑
i=1

⟨cℓ, wi⟩H2wi

)
=
∑
ℓ∈Lq

κℓ/2Iq(JℓKs)cℓ

=
∑
ℓ∈Lq

κℓ/2Iq(JℓKs)

 ∞∑
j=1

cj,ℓvj

 =
∞∑
j=1

∑
ℓ∈Lq

cj,ℓκ
ℓ/2Iq(JℓKs)vj = Z

(q)
H (s),

where we used (5.27). This identification yields (3.10) and weak convergence in C([0, 1];H2) to
a continuous version of Z(q)

H .

6 Additional results and their proofs

The following lemma provides a spectral comparison for Hermite partial sums.

Lemma 6.1. Suppose Assumptions 3.1(ii)–(iv). There exists a constant C ≥ 1, depending only
on M , κ∗ and supj αj, such that, for every ℓ ∈ Lp, p ≥ 1, supported on active coordinates, and
all integers m, r ≥ 1,

Var

(
m∑
t=1

Hℓ[Xt]

)
≤ ℓ!Cp∧r

∑
|h|<m

(m− |h|)(1 + |h|)−
∑p∧r

a=1(1−αka ), (6.1)

where k = k(ℓ).

Proof. By Assumption 3.1(iii), we have f̃j(ω) ≤ gj(ω)
.
=Mκj |ω|−αj for every active coordinate

j. For u ∈ L1([−π, π]), write

û(h) =

∫ π

−π
eihωu(ω) dω.

We first note that, uniformly over active coordinates,

|ĝj(h)| ≤ C(1 + |h|)−(1−αj), |̂̃f j(h)| ≤ 1, h ∈ Z. (6.2)

Indeed, direct integration gives ĝj(0) = 2Mκjπ
1−αj/(1−αj). For h ̸= 0, evenness and a change

of variables give

|ĝj(h)| = 2Mκj |h|αj−1

∣∣∣∣∣
∫ π|h|

0
u−αj cosu du

∣∣∣∣∣ ≤ 2Mκj |h|αj−1

(
1

1− αj
+ 2

)
.
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The last inequality follows by splitting the integral at 1 and integrating by parts on [1, π|h|].
The bounds κj ≤ κ∗ from Assumption 3.1(iv) and supj αj < 1 from Assumption 3.1(iii) yield
the first estimate in (6.2). The second follows from

∫ π
−π f̃j(ω) dω = 1.

Put q = p ∧ r and define Dm(y) =
∑m

t=1 e
ity. Expanding the variance and substituting the

Fourier representations yields

Var

(
m∑
t=1

Hℓ[Xt]

)
= ℓ!

∫
[−π,π]p

|Dm(ω1 + · · ·+ ωp)|2
p∏
a=1

f̃ka(ωa) dω

≤ ℓ!

∫
[−π,π]p

|Dm(ω1 + · · ·+ ωp)|2
q∏

a=1

gka(ωa)

p∏
a=q+1

f̃ka(ωa) dω

≤ ℓ!
∑
|h|<m

(m− |h|)
q∏

a=1

|ĝka(h)|
p∏

a=q+1

|̂̃fka(h)|.
The first inequality follows from the nonnegativity of the integrand. For the second, we expand
|Dm|2, integrate each frequency separately, and take absolute values; there are m− |h| pairs of
time indices with difference h. All interchanges involve finite sums and integrable functions, and
empty products are understood to equal one. Applying (6.2) proves (6.1).

The following lemma employs the bounds of the previous lemma to express the variance of
the Hermite partial sums in terms of β = β(ℓ) from (3.3).

Lemma 6.2. Suppose Assumptions 3.1(ii)–(iv). There exists a constant C ≥ 1, depending only
on M , κ∗ and supj αj, such that, for every ℓ ∈ Lp, p ≥ 1, supported on active coordinates, and
every integer m ≥ 1,

Var

(
m∑
t=1

Hℓ[Xt]

)
≤ ℓ!Cp


(1 + 2/(1− β))m2−β, 0 < β < 1,

m(1 + 2 logm), β = 1,

(1 + 2/(β − 1))m, β > 1,

(6.3)

where β = β(ℓ). Moreover, for every d ∈ (1/2, 1) satisfying H(ℓ) ≤ d,

Var

(
m∑
t=1

Hℓ[Xt]

)
≤ Cℓ!

2d− 1
m2d. (6.4)

Proof. Under Assumptions 3.1(ii)–(iv), let C0 ≥ 1 be the constant in Lemma 6.1. Fix ℓ ∈ Lp
supported on active coordinates, and write k = k(ℓ) and β = β(ℓ). Applying that lemma with
r = p gives the lag-sum estimate used in [12, proof of Lemma 3.1]:

Var

(
m∑
t=1

Hℓ[Xt]

)
≤ ℓ!Cp0m

(
1 + 2

m−1∑
h=1

(1 + h)−β

)

≤ ℓ!Cp0m

(
1 + 2

∫ m

1
x−β dx

)
. (6.5)

The first inequality separates the zero lag and uses m−h ≤ m. The second follows because x−β

is decreasing. Evaluating the integral gives the three cases in (6.3), with C0 in place of C; for
0 < β < 1, we also use m ≤ m2−β .

For uniformity in the chaos order, we use fixed-order domination as in [3, equation (37)].
Put ε = 1 − supj αj > 0 by Assumption 3.1(iii), and choose an integer r0 depending only on ε
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such that r0ε > 1. For p ≥ r0, Lemma 6.1 with r = r0 gives

Var

(
m∑
t=1

Hℓ[Xt]

)
≤ ℓ!Cr00 m

(
1 + 2

∞∑
h=1

(1 + h)−r0ε

)

≤ ℓ!Cr00 m

(
1 +

2

r0ε− 1

)
.
= C1ℓ!m. (6.6)

Here we used
∑r0

a=1(1 − αka) ≥ r0ε and the integral comparison on [1,∞). The constant C1

depends only on M , κ∗ and supj αj .
Finally, let d ∈ (1/2, 1) satisfy H(ℓ) ≤ d. For p < r0, we have β = 2 − 2H(ℓ) ≥ 2 − 2d, so

the first bound in (6.5) yields

Var

(
m∑
t=1

Hℓ[Xt]

)
≤ ℓ!Cr00 m

(
1 + 2

∫ m

1
x2d−2 dx

)
= ℓ!Cr00 m

(
1 + 2

m2d−1 − 1

2d− 1

)
≤ 3Cr00 ℓ!

2d− 1
m2d.

We used Cp0 ≤ Cr00 and 0 < 2d− 1 < 1. For p ≥ r0, (6.6) gives

Var

(
m∑
t=1

Hℓ[Xt]

)
≤ C1ℓ!m ≤ C1ℓ!

2d− 1
m2d.

Choosing C = max{C0, C1, 3C
r0
0 } proves both (6.3) and (6.4).

The following lemma provides a uniform bound for the projection remainder.

Lemma 6.3. Suppose Assumptions 3.1(ii)–(iv) and H(ℓ) ≤ di for every i ≥ 1 and ℓ ∈ Qi.
Then there is a constant C > 0, such that, for all n,N ≥ 1,

sup
s∈[0,1]

E

∥∥∥∥∥∥n−D
⌊ns⌋∑
t=1

(GQ −G
(N)
Q )[Xt]

∥∥∥∥∥∥
2

H2

≤ C
∑

i≥1, ℓ∈Qi
(i,ℓ)/∈FN (Q)

ℓ!|ci,ℓ|2

2di − 1
. (6.7)

Proof. For L ≥ N and 0 ≤ m ≤ n, Lemma 2.1, gives

E

∥∥∥∥∥n−D
m∑
t=1

(G
(L)
Q −G

(N)
Q )[Xt]

∥∥∥∥∥
2

H2

=
∑

(i,ℓ)∈FL(Q)\FN (Q)

|ci,ℓ|2n−2di Var

(
m∑
t=1

Hℓ[Xt]

)
≤ C

∑
i≥1, ℓ∈Qi

(i,ℓ)/∈FN (Q)

ℓ!|ci,ℓ|2

2di − 1
.

For the inequality, apply (6.4) under Assumptions 3.1(ii)–(iv) with d = di and use (m/n)2di ≤ 1;
the case m = 0 is immediate. For fixed n and m, stationarity, boundedness of n−D and the
triangle inequality imply that the corresponding partial sums converge in L2(Ω;H2) as L→ ∞,
since G(L)

Q → GQ in L2(H1, γQ;H2). Passing to the limit in the displayed estimate and taking
the supremum over m = ⌊ns⌋, s ∈ [0, 1], proves (6.7).
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7 Applications

7.1 Nonlinear transformations of a functional FARIMA process

Fractionally integrated autoregressive moving average (FARIMA) models are a popular class
that exhibit long-range dependence. The scalar construction goes back to [20, 21]. Functional
FARIMA models were introduced in [31]. In this section, we apply Corollary 3.1 to nonlinear
transformations of a functional FARIMA process. These nonlinear transformations may include
Sample moment operators, sample eigenvalues or neural operators; see, for instance Section 7
in [17] for examples.

Let Φ and Θ be polynomials with real coefficients, Φ(0) = Θ(0) = 1, and no zeros in
{z : |z| ≤ 1}. Fix d ∈ (0, 1/2) and set α = 2d. With respect to the basis {ϕk}k≥1 of H1 used
above, let {εt : t ∈ Z} be independent centered Gaussian random variables with covariance
operator Σεϕk = νkϕk, where

νk > 0 for every k ≥ 1,
∑
k≥1

νk <∞.

We consider the stationary causal solution of

Φ(B)(1−B)dXt = Θ(B)εt, t ∈ Z, (7.1)

where B denotes the backward-shift operator and the fractional difference is defined by its
binomial series.

To identify the spectral quantities in Assumption 3.1, define

gd(ω) =
1

2π

∣∣∣∣Θ(e−iω)

Φ(e−iω)

∣∣∣∣2 |1− e−iω|−α, 0 < |ω| ≤ π,

vd =

∫ π

−π
gd(ω) dω, κ =

1

2πvd

∣∣∣∣Θ(1)

Φ(1)

∣∣∣∣2 .
(7.2)

We verify below that 0 < vd < ∞. The covariance eigenvalues are λk = vdνk, and the stan-
dardized coordinate processes {Wϕk(Xt) : t ∈ Z}, defined in (2.1), are independent copies of a
scalar Gaussian FARIMA process with variance one. For a function G ∈ L2(H1, γQ;H2), recall
its Hermite coefficients, rank q, and chaos projections Gp from (2.3)–(2.4).

Proposition 7.1. Let {Xt : t ∈ Z} satisfy (7.1), and let G ∈ L2(H1, γQ;H2) be centered and
nonzero. Suppose that q(1−α) < 1, and let H be as in (3.6). Then the interpolated partial-sum
process S̃n in (3.8), with Tn = n−HIH2, satisfies

S̃n
d−→ Z

(q)
H in C([0, 1];H2), n→ ∞,

where Z(q)
H is given in (4.10) with κk = κ for every k ≥ 1. The process Sn in (3.8) converges to

the same limit in finite-dimensional distributions in H2.

Proof. We obtain the convergence by means of Corollary 3.1. We need to verify Assumptions
3.1 and 3.3. The root conditions on Φ and Θ imply that

∣∣Θ(e−iω)/Φ(e−iω)
∣∣2 is bounded above

and away from zero on [−π, π]. Moreover,

2

π
|ω| ≤ |1− e−iω| ≤ |ω|, |ω| ≤ π.

Consequently, vd in (7.2) satisfies 0 < vd <∞, since 2d = α ∈ (0, 1).
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Since Φ has no zeros in the closed unit disc, the rational function Θ/Φ is analytic on a
neighborhood of that disc and bounded there. The binomial series defining (1− z)−d converges
for |z| < 1. Hence the transfer function

A(z) :=
Θ(z)

Φ(z)
(1− z)−d =

∞∑
j=0

ajz
j , |z| < 1,

is analytic on the open unit disc, with real coefficients aj .
Since 0 < d < 1/2 and Φ has no zeros in the closed unit disc, the scalar FARIMA represen-

tation implies that (aj)j≥0 is square summable and that

∞∑
j=0

aje
−ijω =

Θ(e−iω)

Φ(e−iω)
(1− e−iω)−d in L2(−π, π);

see Section 2.4.2 in [42]. Consequently, Parseval’s identity gives

∞∑
j=0

a2j =
1

2π

∫ π

−π

∣∣∣∣Θ(e−iω)

Φ(e−iω)

∣∣∣∣2 |1− e−iω|−2d dω = vd <∞.

Since the innovations are independent and centered, the series Xt =
∑

j≥0 ajεt−j converges
in L2(Ω;H1), because ∑

j≥0

E ∥ajεt−j∥2H1
= vd

∑
k≥1

νk <∞.

It defines a centered stationary Gaussian solution of (7.1), with

Fω = gd(ω)Σε, Q = vdΣε, fk(ω) = νkgd(ω). (7.3)

In particular, λk = vdνk for every k ≥ 1. Since Σε is trace-class, Fω is trace-class for almost
every ω ∈ [−π, π], and ∫ π

−π
Tr(Fω) dω = vd

∑
k≥1

νk <∞.

This verifies Assumption 3.1(i). Furthermore, the spectral density and autocovariance operators
are diagonal in the basis {ϕk}k≥1. Their spectral densities fk are nonnegative and even, where
evenness follows from the real coefficients of Φ and Θ. Thus Assumption 3.1(ii) also holds.

For Assumption 3.1(iii), take αk = α, κk = κ, and

Lk(r) =

∣∣∣∣Θ(e−ir)Φ(1)

Φ(e−ir)Θ(1)

∣∣∣∣2( r

2 sin(r/2)

)α
, 0 < r ≤ π, k ≥ 1.

Then (3.2) follows from (7.2) and (7.3). The functions Lk are nonnegative, identical for all k,
and extend continuously to [0, π], with value one at zero. Consequently, Lk(r) → 1 as r ↓ 0,
and there exists a finite constant M such that Lk(r) ≤M for every k ≥ 1 and 0 < r ≤ π. This
verifies Assumption 3.1(iii).

To verify Assumption 3.1(iv), note that

fk(ω)

λk
=
νkgd(ω)

νkvd
=
gd(ω)

vd
, k ≥ 1.

Thus all coordinates have the same standardized spectral density and, in particular, the same
spectral scale κk = κ. Consequently,

κ∗ = κ =
1

2πvd

∣∣∣∣Θ(1)

Φ(1)

∣∣∣∣2 <∞,
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where finiteness follows from vd > 0 and Φ(1) ̸= 0. This completes the verification of Assump-
tion 3.1.

We now turn to Assumption 3.3. Square integrability of G and its Hermite rank q are part
of the hypotheses. Hence Assumption 3.3(i) is satisfied.

For Assumption 3.3(ii), recall that αj = α for every input coordinate j ≥ 1. In particular,
whenever ci,ℓ ̸= 0 with ℓ ∈ Lq, we have αj = α for every j ∈ supp ℓ. Moreover, the assumed
condition q(1− α) < 1 is equivalent to α > 1− 1/q. Thus Assumption 3.3(ii) holds.

Finally, by (3.3), for every ℓ ∈ Lp with p > q,

H(ℓ) = 1− p

2
(1− α) < 1− q

2
(1− α) = H,

where the strict inequality follows from α < 1. This verifies Assumption 3.3(iii). The conclusion
now follows from Corollary 3.1.

For Hilbert-valued linear processes, [11, 14] establish functional central limit theorems with
Gaussian limits and operator normalizations. Their results concern partial sums of the linear
process itself and allow innovations that need not be Gaussian. In the present FARIMA set-
ting, taking G[x] = x gives q = 1 and H = 1/2 + d, consistent with the scalar normalization
in this linear limit theory. For general nonlinear transformations, the normalization depends
additionally on the Hermite rank, as specified in (3.6).

A related functional FARIMA construction is given in [31, Section 4], where scalar frac-
tional integration is applied to a functional ARMA process. Their Theorem 1 and Corollary 1
establish Gaussian limits for temporal sums of curve time series through a decomposition into
finite-dimensional long-memory subspaces. In particular, their FARIMA application imposes a
finite-rank condition on the covariance governing the dominant component. In our application,
infinitely many input coordinates may share the same memory exponent, and we consider the
partial-sum process of a nonlinear transformation with values in H2.

The input process considered here also belongs to the operator-valued FIARMA framework
of [18]. Indeed, we obtain (7.1) by taking their fractional integration operator to be dIH1 , their
autoregressive and moving-average polynomials to be Φ(z)IH1 and Θ(z)IH1 , respectively, and
their innovations to be Gaussian. Their framework permits more general operator coefficients
and provides existence results for normal memory operators, together with prediction and esti-
mation theory. Our proposition establishes a nonlinear functional limit theorem for the Gaussian
subclass specified above.

Hilbert-valued nonlinear noncentral limit theorems have also been obtained for scalar Gaus-
sian inputs. In [4, Theorem 2.7 of version 3], a scalar long-memory Gaussian sequence is trans-
formed into an observation with values in a weighted L2 space. Their reduction principle iden-
tifies the leading Hermite term and yields convergence of the normalized sum at time one. The
limit is a deterministic coefficient function multiplied by a scalar Hermite random variable and
therefore lies in a single deterministic output direction. Thus infinite-dimensional output is al-
ready covered by that result. In the present setting, the input may also be infinite-dimensional,
and mixed Hermite terms involving different input coordinates may survive in the limit. Con-
sequently, the limiting covariance need not have finite rank. Moreover, under our FARIMA
assumptions, we obtain convergence of the interpolated partial-sum process in C([0, 1];H2).

7.2 Excursion areas of spherical Gaussian fields

We return to the sojourn functionals that motivated this work and apply Theorem 3.1 to a
spherical Gaussian field sampled at integer times. We first identify the dominant Hermite indices
of the excursion area, then state the resulting noncentral limit theorem, and finally compare it
with the continuous-time results of Marinucci, Rossi and Vidotto [34].
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7.2.1 The spherical model and the excursion functional

We use the spherical random wave setting presented in [34]. Let {Yℓ,m : ℓ ≥ 0, |m| ≤ ℓ} be the
standard real orthonormal basis of H1 = L2(S2, dx) consisting of spherical harmonics, where dx
is surface measure with total mass 4π and Y0,0 = (4π)−1/2. Let {Z(x, t) : x ∈ S2, t ∈ R} be a
jointly measurable, centered Gaussian field, stationary in time and isotropic in space, admitting
the representation

Z(x, t) =
∑
ℓ≥0

ℓ∑
m=−ℓ

aℓ,m(t)Yℓ,m(x), E[aℓ,m(t)aℓ′,m′(s)] = 1{ℓ=ℓ′,m=m′}Cℓ(t− s), (7.4)

with convergence in L2(Ω × S2) for every t. Each multipole Zℓ(·, t) =
∑

m aℓ,m(t)Yℓ,m is a
random eigenfunction of the spherical Laplacian with eigenvalue −ℓ(ℓ+1), and we assume that
Cℓ(0) > 0 and ∑

ℓ≥0

2ℓ+ 1

4π
Cℓ(0) = 1, (7.5)

so that EZ(x, t)2 = 1 by (7.4). Hence the sampled sequenceXk
.
= Z(·, k), k ∈ Z, is centered, sta-

tionary and Gaussian with values in H1, and its covariance operator satisfies QYℓ,m = Cℓ(0)Yℓ,m
and Tr(Q) = 4π.

Throughout this section, suppose that {Xk}k∈Z satisfies Assumption 3.1 in the spherical
harmonic basis. Index the input coordinates by J = {(ℓ,m) : ℓ ≥ 0, |m| ≤ ℓ} through a fixed
enumeration, and write ℓ(j) = ℓ, Yj = Yℓ,m and λj = Cℓ(0) for j = (ℓ,m). The standardized
coordinate processes ξj(k) = aℓ,m(k)/

√
Cℓ(0) are independent. Since their laws depend only on

ℓ, we write the parameters in Assumption 3.1 as αj = 1− βℓ(j) and κj = κℓ(j). Thus βℓ ∈ (0, 1)
is the memory parameter of the degree-ℓ coefficient processes, and κℓ > 0 is their standardized
spectral scale, so that, for j = (ℓ,m),

fj(ω)

Cℓ(0)
∼ κℓ|ω|βℓ−1, ω → 0.

In particular, β0 = 1 − α(0,0) is the memory parameter of a0,0, the coefficient of the constant
spherical harmonic, determining the monopole Z0(x, t) = a0,0(t)/

√
4π. Smaller values of βℓ

correspond to stronger memory. Define

β∗
.
= inf

ℓ≥1
βℓ, I∗ .

= {ℓ ≥ 1 : βℓ = β∗}.

From Assumption 3.1, we have that infℓ≥0 βℓ = min{β0, β∗} > 0. Denote by ej the unit
multiplicity index at j ∈ J .

Let φ and Φ denote the standard Gaussian density and distribution function, respectively.
For u ∈ R, define

Gu[f ] =

∫
S2
1{f(x)≥u} dx, Gu[f ] = Gu[f ]− 4π(1− Φ(u)), f ∈ H1.

For a Hermite multi-index r ∈ Lp, let ja = (ℓa,ma), 1 ≤ a ≤ p, list its input coordinates, with
each j ∈ J appearing exactly rj times. Define the generalized Gaunt integrals

Gm1···mp

ℓ1···ℓp =

∫
S2

p∏
a=1

Yℓa,ma(x) dx.

The following lemma identifies the Hermite expansion of G = Gu : H1 → R.
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Lemma 7.1. For every u ∈ R and k ∈ Z,

Gu[Xk] =
∞∑
p=1

∑
r∈Lp

cu,rHr[Xk], cu,r =
φ(u)Hp−1(u)

r!

(
p∏
a=1

Cℓa(0)
1/2

)
Gm1···mp

ℓ1···ℓp , (7.6)

for r ∈ Lp, where the series converges in L2(Ω) and Hr[Xk] =
∏
j∈J Hrj (ξj(k)).

Proof. From Lemma 4.1 of [34], we can write

Gu[Z(·, k)] =
∞∑
p=1

φ(u)Hp−1(u)

p!

∫
S2
Hp(Z(x, k)) dx

=

∞∑
p=1

φ(u)Hp−1(u)

p!

∫
S2

∑
r∈Lp

p!

r!

(
p∏
a=1

Cℓa(0)
1/2Yℓa,ma(x)

)
Hr[Xk] dx,

where the second line follows from decomposing Z(x, k) =
∑

j Cℓ(j)(0)
1/2Yj(x)ξj(k), the fact

that
∑

j Cℓ(j)(0)Yj(x)
2 = 1 by (7.5), and the multinomial Hermite formula.

Recall from (3.3) that

β(r) =

p∑
a=1

βℓa , H(r) = 1− 1
2β(r).

Thus the active terms with the smallest β(r) have the largest effective exponent H(r) and
determine the normalization. To describe the possible dominant cubic terms, define

C∗ =
{
r ∈ L3 : ℓ1, ℓ2, ℓ3 ∈ I∗, Gm1m2m3

ℓ1ℓ2ℓ3
̸= 0
}
.

We call u admissible if either (i) u ̸= 0 and β0 ≤ 2β∗, (ii) u ̸= 0 and I∗ ̸= ∅, (iii) u = 0
and β0 ≤ 3β∗, or (iv) u = 0 and I∗ contains an even integer. Under these four cases, the
smallest effective memory parameter is attained by an active Hermite term. The following
lemma identifies the corresponding exponents and dominant sets.

Lemma 7.2. In the setting above, let u be admissible. Then Gu is centered, bounded and
nonzero, and satisfies Assumption 3.2. For u ̸= 0, its exponent and dominant set are

du = 1− 1
2 min{β0, 2β∗}, Du =


{e(0,0)}, β0 < 2β∗,

{2e(ℓ,m) : ℓ ∈ I∗, |m| ≤ ℓ}, 2β∗ < β0,

{e(0,0)} ∪ {2e(ℓ,m) : ℓ ∈ I∗, |m| ≤ ℓ}, β0 = 2β∗.

(7.7)

For u = 0, they are

d0 = 1− 1
2 min{β0, 3β∗}, D0 =


{e(0,0)}, β0 < 3β∗,

C∗, 3β∗ < β0,

{e(0,0)} ∪ C∗, β0 = 3β∗.

(7.8)

Moreover, C∗ ̸= ∅ if and only if I∗ contains an even integer.

Proof. First, |Gu| ≤ 4π and EGu[X0] = 0. We identify the dominant terms by comparing
their effective exponents H(r) = 1 − β(r)/2 in the different parameter regimes. We then
verify Assumption 3.2 and explain why the remaining chaoses are negligible under the resulting
normalization. By orthonormality,

Gmℓ =
√
4π 1{(ℓ,m)=(0,0)}, Gm1m2

ℓ1ℓ2
= 1{ℓ1=ℓ2, m1=m2},
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implying that the only active first-order index is e(0,0), and the only possible second-order indices
are 2e(ℓ,m), with coefficients

cu,e(0,0) = φ(u)
√
4πC0(0), cu,2e(ℓ,m)

=
uφ(u)Cℓ(0)

2
. (7.9)

The first coefficient is nonzero for every u, so Gu is nonzero and has an active term with
effective exponent 1 − β0/2. Moreover, any index r of order p ≥ 2 involving the monopole
satisfies β(r) ≥ β0+(p− 1)min{β0, β∗} > β0. Its effective exponent is therefore strictly smaller
than that of the linear monopole term, in every parameter regime.

We first consider u ̸= 0. All the quadratic coefficients in (7.9) are nonzero. For ℓ ≥ 1, we
have that H(2e(ℓ,m)) = 1− βℓ ≤ 1− β∗, and equality holds when ℓ ∈ I∗. Thus the competition
is between the monopole exponent 1−β0/2 and the supremum 1−β∗ of the quadratic exponents
over positive degrees. If β0 < 2β∗, the monopole exponent is larger. If 2β∗ < β0, the quadratic
exponent is larger and attained on I∗ ̸= ∅. If β0 = 2β∗, the monopole and all quadratic terms
with ℓ ∈ I∗ have the same effective exponent and must be retained together; if I∗ = ∅, only
the monopole attains it.

To exclude higher chaoses, it remains to consider indices that do not involve the monopole.
For every such index of order p ≥ 3, β(r) ≥ pβ∗ ≥ 3β∗ > 2β∗, meaning H(r) < 1 − β∗ ≤ du.
Together with the preceding bound for indices involving the monopole, this shows that no higher-
order term can the dominant exponent. The three comparisons above therefore give (7.7).

We now consider u = 0. Every even chaos vanishes because Hp−1(0) = 0 for even p,
whereas the first-order coefficient remains nonzero. Since H2(0) = −1, a cubic coefficient is
nonzero exactly when Gm1m2m3

ℓ1ℓ2ℓ3
̸= 0. For cubic indices not involving the monopole, H(r) =

1 − 1
2(βℓ1 + βℓ2 + βℓ3) ≤ 1 − 3

2β∗, and equality holds precisely for the active indices in C∗. To
determine when this set is nonempty, recall that Yℓ,m(−x) = (−1)ℓYℓ,m(x). Hence a Gaunt
integral vanishes whenever the sum of its degrees is odd. In particular, C∗ = ∅ if every degree in
I∗ is odd. The converse is also true, since for every even degree ℓ, the standard zonal harmonic
satisfies G000

ℓℓℓ > 0, so C∗ ̸= ∅ whenever I∗ contains an even integer.
We therefore compare the monopole exponent 1− β0/2 with the cubic bound 1− 3β∗/2. If

β0 < 3β∗, the monopole dominates every cubic term. If 3β∗ < β0, admissibility ensures that
C∗ ̸= ∅, and precisely these cubic terms attain the larger exponent. If β0 = 3β∗, the monopole
and the terms in C∗ have equal effective exponents, with only the monopole retained when
C∗ = ∅. Every remaining active cubic index has a smaller effective exponent than d0. Finally,
for indices of odd order p ≥ 5 not involving the monopole, β(r) ≥ pβ∗ ≥ 5β∗ > 3β∗, so that
H(r) < 1− 3

2β∗ ≤ d0 proving (7.8).
In both cases, the smallest effective memory parameter is positive and at most β0 < 1, so

1/2 < du < 1. We can, then conclude that Du ̸= ∅, and, moreover,

E |Gu[X0]|2

2du − 1
≤ 16π2

2du − 1
<∞,

so Assumption 3.2 is satisfied.

7.2.2 The noncentral limit theorem

Before stating the result, we describe the limiting processes, whose values at s = 1 give the lim-
iting random variables for the normalized excursion sums. On the common spectral probability
space of Section 2.2, for r ̸= 0 with β(r) < 1 and s ∈ [0, 1], set

Zr(s) = κr/2I|r|(JrKs,r), κr/2 =
∏
j

κ
rj/2

ℓ(j) ,
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where Jr and Ks,r are defined in (2.7) and (4.2), respectively. Define

Bu(s) = φ(u)
√

4πC0(0)Ze(0,0)(s),

Ru(s) =
uφ(u)

2

∑
ℓ∈I∗

Cℓ(0)

ℓ∑
m=−ℓ

Z2e(ℓ,m)
(s), 2β∗ < 1,

T (s) = −φ(0)
∑
r∈C∗

Gm1m2m3
ℓ1ℓ2ℓ3

r!

(
3∏

a=1

Cℓa(0)
1/2

)
Zr(s), 3β∗ < 1,

with the convention that, the sum over an empty set vanishes. These series converge in L2(Ω)
for every s, by the labelled isometry (2.8), the uniform kernel bound (5.1), and

∑
r r!|cu,r|2 =

E |Gu[X0]|2 <∞.
The process Bu is a multiple of a fractional Brownian motion with Hurst index 1 − β0/2;

the process Ru is a weighted sum of independent Rosenblatt processes with Hurst index 1− β∗,
which follows from their first- and second-order spectral kernels, respectively; If C∗ ̸= ∅, then
T is a nonzero process in the third Wiener chaos Moreover, Bu depends only on Ŵ(0,0), whereas
Ru and T depend only on {Ŵ(ℓ,m) : ℓ ∈ I∗, |m| ≤ ℓ}, so that Bu is independent of the latter
processes.

For an admissible threshold, define

Eu =


Bu, β0 < 2β∗,

Ru, 2β∗ < β0,

Bu +Ru, β0 = 2β∗,

u ̸= 0, E0 =


B0, β0 < 3β∗,

T , 3β∗ < β0,

B0 + T , β0 = 3β∗.

(7.10)

The conditions for defining Ru and T hold whenever these processes occur in (7.10), since β0 < 1.
In the equality cases, the two components are independent; the limit is non-Gaussian whenever
the higher-order component is nonzero.

Theorem 7.1. Let Xk = Z(·, k) be the spherical Gaussian sequence above, satisfying As-
sumption 3.1 in the spherical harmonic basis. Let u1, . . . , ur be admissible thresholds, and set
G = (Gu1 , . . . , Gur) and D = diag(du1 , . . . , dur), with the exponents of Lemma 7.2. Then, as
n→ ∞,

n−D
⌊ns⌋∑
k=1

G[Xk]
f.d.d.−−−→ (Eu1(s), . . . , Eur(s)).

Proof. By Lemma 7.2, each coordinate satisfies item (i) of Assumption 3.2, and

r∑
i=1

E |Gui [X0]|2

2dui − 1
<∞, min

1≤i≤r
dui >

1
2 .

Theorem 3.1 therefore yields both conclusions. Its ith limit coordinate is
∑

r∈Dui
cui,rZr, which

equals Eui by (7.6) and the dominant sets in Lemma 7.2.

We now present a couple of remarks regarding our theorem

Remark 7.1. If u ̸= 0, 2β∗ < β0 and I∗ = ∅, the supremum defining du is not attained, so our
main theorem does not apply. For u = 0 outside the admissible regimes, the active indices must
be determined from (7.6). Whenever minc0,r ̸=0 β(r) is attained, the main theorem applies with
d0 equal to one minus half this minimum.

The next remark compares our result with that of [34].
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Remark 7.2. We now compare our result with those of [34], first at the level of conclusions
and then in terms of the assumptions on the process {Xk}.

In the notation of [34], Au(t) = Gu[Z(·, t)], and their asymptotic results concern the
continuous-time integral

MT (u) =

∫ T

0

(
Au(t)− EAu(t)

)
dt =

∫ T

0
Gu[Z(·, t)] dt.

Their limits are stated after variance normalization, whereas our normalization uses powers n−du .
Their Theorems 2.2 and 2.7 establish convergence to Gaussian and composite Rosenblatt random
variables, respectively, with the distributional conclusion of Theorem 2.7 assuming finitely many
dominant multipoles. Their Theorem 2.9 establishes a reduction to the third-chaos component
for u = 0, but does not establish its limiting distribution; see Remark 2.10 therein.

Our Theorem 7.1 concerns sampled partial-sum processes and provides discrete-time coun-
terparts of these long-memory results. Passing from sampled sums to continuous-time integrals
would require a separate approximation argument, which we do not provide here. Within the
corresponding long-memory regimes, our theorem provides the following additional conclusions:
(i) we identify the third-chaos process T explicitly and prove convergence to it; (ii) we do not
require finiteness of I∗ or C∗; (iii) we obtain joint finite-dimensional convergence at finitely many
thresholds u1, . . . , ur, allowing different normalization exponents; and (iv) we treat the equality
cases β0 = 2β∗ and β0 = 3β∗, discussed in Remark 2.11 of [34].

The assumptions in [34] are formulated in the time domain and are therefore not immediately
comparable to our spectral Assumption 3.1. One difference is that our assumption requires every
retained multipole to have long memory, so the short-memory and critical logarithmic regimes
considered in [34] are not covered by our theorem.

Nevertheless, Remark 3.3 allows us to verify Assumption 3.1 for a subclass of their covariance
family. Within the setting presented in Condition 1.3 [34], suppose that

Cℓ(τ) = Gℓ(τ)(1 + |τ |)−βℓ , 0 < inf
ℓ≥0

βℓ ≤ sup
ℓ≥0

βℓ < 1,

where Cℓ(0) > 0, and additionally assume that supℓ≥0

∑∞
h=1

∣∣∣Gℓ(h)
Cℓ(0)

− 1
∣∣∣ < ∞. These condi-

tions are stronger than Condition 1.3 [34] since supℓ βℓ < 1 and (ii) they require the absolute
summability of

∣∣∣Gℓ(h)
Cℓ(0)

− 1
∣∣∣. Under these conditions, the conditions of Remark 3.3 hold, and so

Assumption 3.1 follows. We stress that these additional conditions are sufficient, rather than
necessary, for our spectral assumption.
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